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A bstract
The nucleus is a good candidate for having a halo structure. When a three- 
body model is used to calculate the properties of this nucleus, it relies on a knowledge 
of the potentials involved and hence on the structure of the underlying two-body sub­
system ^^ Be. Previuosly published calculations showed that, in order to describe ^^ Be 
and ^^Be simultaneously, ^^Be had to be either bound, or have a p-shell ground state, 
which is not consistent with the experimental data. In this thesis ^^Be and ^^ Be are 
described as one or two neutrons outside a deformed ^^ Be core.
The idea of the method is that deformation of the core couples the neutron motion 
with core excitations. The core is treated as a rigid rotor here, and for the neutron- 
core interaction we used a deformed Woods-Saxon potential. We explore the potential 
parameters compatible with the known properties of ^^Be, ^^Be and '^^ Be. The three- 
body model for '^^ Be used a hyperspherical expansion including core degrees of freedom. 
Compared to the previous works, we find that both "^^ Be and ^^Be are described simul­
taneously if the ^^Be core has large positive quadrupole deformation.
The resulting three-body model wave function was used in calculations of reaction 
observables. The reaction cross section of ^^Be on a carbon target at 850 MeV/A 
was calculated in a four-body Glauber model, after the formalism was extended to 
include core degrees of freedom. The calculated reaction cross section agrees with the 
experiment.
One-neutron knockout reactions of the Borromean nuclei ®He, ^^ Li and '^^ Be are 
discussed. The integrated cross sections for stripping and diffraction processes are 
calculated in the four-body Glauber model including core excited components in the 
wave function for ^^ Be. The neutron-core relative energy distributions within ®He, ®^Li 
and ^^Be following one-neutron removal, are calculated by a spectator model in the 
eikonal limit. The integrated cross sections and energy distributions for ®He are in 
agreement with the experiment. The results for ^^ Li and “^^Be breakup demonstrated 
that the further investigation of the reaction model is needed.
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Introduction
1.1 Light exotic nuclei
Nuclear phenomena near the proton and neutron drip lines has attracted the a t­
tention of both experimentalists and theorists for more than twenty years. Cre­
ation of radioactive beam facilities all over the world has made it possible to 
perform accurate measurements and study the properties of unstable nuclei near 
the dripline. Depending on their properties such nuclei are called ‘halo-nuclei’, 
neutron (proton)-rich nuclei, or exotic nuclei.
These nuclei are characterised by very small proton or neutron separation en­
ergies. Because of the small binding energy of the valence particles they have a 
large probability of tunnelling into the classically forbidden region and so spend 
a large part of their time outside the nuclear potential. This effect is more pro­
nounced in the nuclei near the neutron drip-line, because the protons create an 
additional Coulomb barrier which acts to confine bound valence protons. As a 
result neutron (proton)-rich nuclei have a large m atter radius and an enlarged 
reaction cross section [Tan85]. A direct consequence, from the Heisenberg uncer­
tainty principle is a narrow momentum distribution of the halo nuclei fragmen­
tation products [Kob88, Ann90, Fuk91].
Why are we interested in these few nuclei near the drip-line? W hat new infor­
m ation can they provide? First of all they are interesting from the astrophysical 
point of view. Our understanding of stellar nucleosynthesis is limited by the lack 
of information on the most basic nuclear properties, such as nuclear masses. Sec­
ondly neutron (or proton)-rich nuclei give us a possibility to study the interplay 
of nuclear m atter with normal and very low density. And thirdly they allow us 
to study few-body structure and reaction dynamics.
From the theoretical point of view some of the halo nuclei are interesting 
because they represent a three-body systems: a tightly bound core plus two 
loosely bound valence particles. Some of the halo nuclei are good tests for cluster 
models and three-body models (classic examples are ®He and ^^Li). Moreover, 
some of them form so-called Borromean systems, in which all constituent two- 
body subsystems are unbound, while the whole three-body system is bound. 
The most studied examples of Borromean systems are ®He, *^ L^i, '^^Be. There 
are several reviews on the physics of halo nuclei published in the recent years, 
e.g. [Zhu93, Han95, Tan96].
1.2 M otivation: w hy and ^^Be?
The ‘family’ of Be isotopes presents a lot of interesting physics to study. ^Be is 
an unbound nucleus, ®Be thought of as a  +  a  -f- n is a Borromean system, ^^Be 
is a halo nucleus with the s-intruder ground state, ^^Be has attracted attention 
recently, because of the melting of the p-shell closure in this nucleus.
In this thesis we are interested in the structure and breakup of ^^Be and ^^Be. 
The *^ B^e nucleus is a good candidate for a halo structure. According to the Segré 
chart '^^Be is the next example of a two-neutron halo system, after *^-Li which 
has the most pronounced halo found so far. The binding energy of *-^ Li is only 
—0.32 MeV [Kob92], while *-‘^ Be has a binding energy of approximately —1.3 MeV 
[Aud93]. Moreover, '^^Be is an example of the Borromean system, since its binary 
constituents, the dineutron and *^ B^e, are pairwise unbound.
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Figure 1.1: The level schemes of the nearest *^ B^e isotones. The schemes are arranged 
so that the 5/2+ states in these nuclei are on one line. The dashed line illustrates the 
position of the 1/2+ level in ^^Be. The energies and quantum numbers of the states in 
and ^^0 are taken from Refs. [Ajz86,Ajz91].
The three-body model which will be used to calculate the binding energy, rms 
radius, momentum distributions and other properties of ^^Be relies on knowledge 
of the potentials of the underlying two-body subsystems: the dineutron and ^^Be- 
neutron. That is why the ground state structure of the unbound nucleus *^ B^e 
needs to be investigated first.
There is evidence tha t halo structure is favoured when the valence nucleon is 
in an s-state with respect to the core nucleus. For higher angular momenta the 
centrifugal barrier confines the ground state wave function to smaller distances. 
This is supported by the I — 0 ground state in ^^Be [Esb95, Nun95] and proba­
bly in ^°Li [Kry93, You94, Zin95]. From the Hartree-Fock calculations, the last 
neutron in *^ B^e and ^°Li should be in lp i /2 state. It is said therefore tha t the 
25i/2 ground state in these nuclei is an s-intruder level from the next [sd) shell.
The s-wave nature of the ground state of ^^Be is supported by the following 
simple considerations. In Fig. 1.1 we present the level schemes of the isotones 
nearest to ^^Be with even number of protons, and ’^’0 , arranged so tha t the
5/2+ states in each nuclei are in one line. From the relative positions of the 1/2+ 
and 5/2+ states in and we can estimate the position of the 1/2+ state 
in ^^Be. We see tha t this simple estimation predicts the 1/2+ level to be slightly 
below threshold. Another thing which can be noticed from this picture, is that 
the 1/ 2“ states in and *^ 0^ are separated from 1/ 2+ states by approximately 3 
MeV. Thus, simple systematics suggest tha t one should not expect a 1 /2“ ground 
state of ^^Be. In the next chapter the available experimental data on *^ B^e will 
be discussed.
In the works [Nun95, Esb95, Rid98] the 5-intruder ground state in *-^ Be was 
obtained in particle-rotor model [Boh75] and assuming a large deformation of the 
core *^ ®Be. In the work presented here we also use particle-rotor model to describe 
*^ B^e and see if couplings with the excited core degrees of freedom can provide 
simultaneous description of known properties of *^ B^e and '^^Be.
1.3 N uclear reactions as a probe o f nuclear struc­
ture
In this thesis, the calculated wave functions of *-'^ Be will be tested in calculations 
of reaction observables. Nuclear reactions and scattering provide necessary infor­
mation on the structure of unstable nuclei. From the study of elastic scattering 
one can often learn the average properties of the collision partners, in particular 
their sizes and shapes. More complicated processes, nuclear reactions, provide 
indications concerning the many-body structure of the nuclei involved in the re­
actions.
The classic tools to extract structure details are direct reactions (see references 
in [Fro96]). This is the type of processes in which only a few of the to tal number 
of nucleons are involved, while others occupy the same relative configuration in 
the initial and final nucleus and therefore can be treated as a collective core.
This property of direct reactions make them ideal to study low-energy excited 
states of the nuclei, which are characterised by simple excitation modes. The 
type of excitation mode can also be identified by direct reactions. For example, 
in inelastic scattering and some types of two-nucleon transfer processes, mostly 
collective states will be excited, while one-nucleon transfer and knockout reactions 
probe single-particle strength in nuclei.
The conventional methods for single-particle spectroscopy are single-nucleon 
transfer reactions, such as neutron stripping (d,p) and pickup (p, d) reactions. 
This method offers a direct way to identify the single-particle states in nuclei. 
These reactions can often be treated as one-step processes, when the neutron is 
transferred to or from a certain single particle state. Then the shapes of the 
angular distributions of the reaction products provide information on the orbital 
angular momenta of the single particle states in the nucleus. The spectroscopic 
factor, which determines the amplitude of this single-particle state in the nuclear 
wave function, can be determined from the magnitude of the corresponding cross 
section.
To describe these processes theoretically and deduce the spectroscopic infor­
mation, methods such as the distorted-waves Born approximation (DWBA) were 
developed and proved to be very successful [Gle75].
To study Borromean exotic nuclei, the conventional transfer reactions cannot 
easily be used as these nuclei are produced in fragmentation processes and are 
short-lived. In this case the inverse kinematics method is employed, when the 
projectile is the nucleus under study. But the transfer reaction mechanism as a 
tool to extract spectroscopic information of light exotic nuclei has several disad­
vantages. The secondary beams of light exotic nuclei have very low intensity and, 
at the same time, the cross sections of transfer processes are very small, making 
the accurate extraction of the spectroscopic information difficult. Other difficul­
ties include the lack of experimental information to determine the parameters of 
the optical model potentials needed for the distorted waves in the DWBA, and
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to determine the couplings to the inelastic and breakup processes.
Knockout reactions, the processes where a nucleon is removed from a loosely 
bound projectile by a light absorptive target, have been shown as a comple­
mentary and/or alternative source of spectroscopic information [Tos99, AumOO, 
NavOO, MaddOl]. This technique proved to be very sensitive even for the incident 
beams with very low intensity, because of the large knockout cross sections.
The fact tha t high energies are usually used in these experiments has both 
experimental and theoretical advantages. From the experimental point of view, 
this allows the use of a thick target and this gives higher counting rates and better 
statistics. At high energies, the projectile residues are focused in the forward 
direction, giving a detection efficiency close to unity. Theoretically it means tha t 
the Glauber approach, which is both physically transparent and accurate, should 
be successful here. The Glauber approach will be discussed in Chapter 4.
1.4 O utline o f the thesis
This thesis is organised in the following way. In Chapter 2 an overview of current 
understanding of ^^Be, ^^Be and ^^Be is presented. The experiments on the 
^^Be spectrum, *^ '^ Be and *^ B^e properties are briefly described. The theoretical 
approaches to the simultaneous description of ^^Be and *^ B^e are outlined.
Chapter 3 deals with the structure calculations of ^^Be and ^^Be and is divided 
into two main parts. The first part deals with the two-body system ^^Be and the 
second part with the three-body system ^^Be. The general features of inclusion 
of core degrees of freedom are presented in the beginning of the chapter. In the 
first part of the chapter we describe the particle-rotor model and the R-matrix 
method on a Lagrange mesh to obtain the positions of 5/2+ resonances and 
1/2+ virtual states in ^^Be. This is followed by a brief discussion of numerical 
considerations and the results for ^^Be. In the second part of Chapter 3 the 
hyperspherical expansion method, the Pauli Principle treatm ent and other details
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of formalism are described. The results for '^^Be structure are discussed and 
compared for consistency with those for two-body ^^Be. In the end the conclusions 
are presented.
In the relatively short Chapter 4 the calculated three-body wave functions of 
*^ '^ Be are used to calculate the reaction cross section of *-^Be+*-^C at 850 MeV/A 
in the four-body Glauber model. The method is discussed and extended to use 
the wave functions containing the excited core components.
In Chapter 5 we describe the breakup of Borromean projectiles, in particular 
the one neutron knockout reactions treating the core-fneutron pair as a spectator. 
The physics of one-neutron removal reactions is discussed and the formalism used 
to calculate the integrated cross sections and energy distributions is presented. 
We test the method first on ®He and ^^Li and then present the preliminary results 
for “^^Be.
In the last chapter. Chapter 6 , summary of the results is given, problems of 
the current approximations are discussed, and future work is outlined.
Chapter 2 
Current understanding o f  
^^Be,^^Be and '^^ Be
Before describing the method and results of this work for the Borromean system 
^^Be, it is a good idea to summarise what has been done so far experimentally 
and theoretically, to investigate "^*Be, ^^Be, *^ B^e systems.
2.1 Experim ental inform ation on ^^Be structure
The unbound nature of ^^Be was revealed about 30 years ago in the works [Pos66, 
Art70], which was confirmed later in 1973 in the work [Bow73].
Ten years later *^ B^e was observed at the Kurchatov Institute in Moscow using 
the ‘^^ C(^Li,^B) reaction with limited statistics [Ale83]. In this experiment the 
unbound state in ^^Be was found at 1.9 MeV.
A later experiment by Ostrowski et al. [Ost92], using the double charge ex­
change reaction at E =  337 MeV at HMI in Berlin, revealed two
states, one at 2.01 MeV and the other at 3.12 (with a possible third state at
6.5 MeV). The state at 2.01 MeV was assigned a 1^5/2 state. A predicted low- 
lying s-state in *^ B^e was not observed in the experiment [Ost92] due to the weak 
multinucleon transfer cross section to this neutron shell.
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Another experiment on ^^Be, using the d(^^Be, *^^Be)p reaction, was performed 
at RIKEN by Korsheninnikov et al [Kor95]. The state at 2 MeV was again seen. 
Any lower energy state would not have been seen because of the large background.
An experiment performed at Dubna [Bel98] used the multinucleon transfer 
reaction ^^ C(^ *^ Be,*^ ^N) at E=190 MeV, and revealed much more detail about 
the states in ^^Be (see Fig. 2.1). It was found tha t the ground state of ^^Be is 
unbound by 0.80T0.09 MeV, but the statistics in this experiment were quite low. 
The parity of the ground state could not be determined. The excited state at 2.0 
MeV was seen and also assigned a ld ^ / 2  state.
Although the results of these experiments are quite different it can be seen 
from Fig. 2.1 tha t they all agree th a t there is a excited state at approximately 
2.0 MeV. In more recent experiments, mentioned above, evidence was found tha t 
the ground state of ^^Be is very close to the threshold, and has spin 1/ 2 , but the 
parity of this state is unknown.
A recent experiment done in G ANIL in 1999 [JonOO] revealed a significant 
strength close to the ^^Be+n threshold. The longitudinal momentum distribu­
tions of *^ B^e, *^*Be, and reconstructed *^ B^e, showed evidence for both positive 
and negative parity states below 2 MeV.
Most recently Thoennessen et al. [ThoOl] found the first evidence for a low- 
lying s-wave strength in ^^Be. They obtained the relative velocity spectrum of 
neutrons in coincidence with ^^Be, which demonstrates a sharp central peak on 
top of a broad background. The existence of this peak suggests a state in ^^Be 
with a very small decay energy. The authors show th a t the experimental data 
are consistent with simulations if one assumes a ground state in ^^Be to be an 
s-state with a scattering length of Ug < —10 fm, which corresponds to the virtual 
state energy <  200 keV.
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Figure 2.1: Results of different experiments studying the level scheme of ^^Be. Ener­
gies are given relative to the neutron threshold.
2.2 Experim ental inform ation on ^^Be structure
The nucleus *-^ Be is a good candidate for a two-neutron halo nucleus. The fol­
lowing experimental information confirms this idea.
Two experiments have been performed so far to obtain the binding energy 
of The first, a pion double charge-exchange measurement [Gil84], gives
1.124:0.16 MeV and a time-of-ffight experiment [Wou88] gives 1.484:0.14 MeV. 
The usually cited value 5*2% =  1.34 ±  0.11 MeV is the weighted average of these 
results [Aud93].
An estimate of the size of *^ B^e, from the interaction cross section (<t/), was 
done by Tanihata et al. in 1988 [Tan88]. The size obtained, Rrms — 3.114:0.38 fm, 
has a large uncertainty, which encompasses all reasonable theoretical predictions. 
A reanalysis of these data, proposed in the Ref. [Alk96] using the four-body 
eikonal model and the three-body ^^Be wavefunctions of [Tho96] obtained the 
value Rrms =  3.24:0.3 fm. Ten years later these values were confirmed in the work 
by Suzuki et al. in Ref.[Suz99], which deduced the value Rrms — 3.10 4: 0.15 fm 
from the ctj measured at 850 A MeV. The authors here used two methods to 
deduce the rms radius: the optical limit of the Glauber model and the core4-2n
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reaction model. All results agree within experimental uncertainties.
In the early 90’s two experiments on the breakup of *^ B^e at intermediate 
energies were carried out. An experiment by Riisager et al. [Rü92] measured the 
two-neutron removal reaction of a '^^Be beam on Be and Ni targets at 30 MeV/u. 
The cross sections and the forward angular distributions of the neutrons were 
measured. In the experiment performed by Zahar et al. [Zah93] ^^Be breakup on 
a target at 56 and 65 M eV/u was studied and the momentum distributions of 
*^ B^e were deduced. Both the angular distribution of the neutrons and momentum 
distributions of ^^Be exhibited narrow widths.
More recent experiment on the halo structure of ^^Be by Labiche et al [LabOl] 
studied the dissociation of ^^Be at 35 MeV/nucleon on carbon and lead targets 
in a kinematically complete measurement. Two-neutron removal cross sections, 
neutron angular distributions, and invariant mass spectra were extracted and the 
contribution of Coulomb dissociation was deduced. By comparing the experi­
mental results with the three-body calculation it was shown th a t the halo wave 
function of ^^Be has a strong admixture of (si/2)  ^ state.
2.3 E xperim ental inform ation on ^^Be structure
The nucleus ^^Be has been studied using ^**Be(t,p)^^Be reaction in [Alb78, For94]. 
Fortune et al. [For94] reported 5 low-lying states of ^^Be with Eg, =  0.0(0+), 
2 .1(2+), 2.7(0+?), 4.6(2+?) and 5.7(4+?) MeV.
In recent years much evidence has been accumulated tha t ^^Be is not a closed 
N= 8  shell nucleus. In the work by Iwasaki et al. [IwaOOa] a strong quadrupole 
deformation of ^^Be was deduced from inelastic proton scattering exciting the 2f  
state in *^ B^e. From a coupled-channel analysis the deformation length 5 for this 
state was determined to be 2.004=0.23 fm. This indicates tha t the singly-closed 
shell structure does not prevail in *^ B^e.
A more direct observation of the disappearance of magicity in ^^Be has been
12
obtained using the one-neutron knockout reactions of *^ B^e on a ®Be target mea­
sured at MSU [NavOO]. To obtain the ground-state structure of ^^Be they ex­
tracted the spectroscopic factors for one-neutron removal, leaving *^ B^e in its 
1/2+ ground state or 1/ 2“ excited state. Partial cross sections and momentum 
distributions of *^ B^e indicate tha t the last neutron pair is more than 60% in the 
2s^ -f- Od^  configuration and there is only 30% of the closed shell component.
The authors of Ref. [IwaOOb] studied inelastic scattering of the ^^Be on lead 
and carbon targets. They found a second excited state of *^ B^e a t 2.68 MeV with 
the spin and parity determined to be 1“ uniquely. The low excitation energy of 
this 1“ state, accompanied with the large E l strength reflects the melting of N= 8  
magicity in *^ B^e.
The above information indicates tha t ^^Be is strongly deformed with a signif­
icant amount of s-strength in its ground state. This recently observed features 
of ^^Be attracted interest towards ^^Be again.
2.4 Theoretical calculations of ^^Be and ^^Be
There have been a number of theoretical papers concerning ^^Be and ^^Be struc­
ture. Most of the theoretical calculations to date assume tha t ^^Be has a 1^5/2 
resonance at 2 MeV and has a low-lying spin 1/2  state (p-resonance or virtual 
s-state).
In 1991 Bertsch and Esbensen used a two-neutron pairing model [Ber91] to 
investigate simultaneously *-^ Be and ^^Be. The model they used is a three-body 
model, where the nucleus consists of the inert core and two interacting neutrons. 
The interaction between valence nucleons was chosen to be a density-dependent 
contact ((5-function) interaction. The core-neutron interaction is modelled by a 
Woods-Saxon potential with parameters close to standard shell model values. 
The occupied states in the core were explicitly excluded. The Hamiltonian equa­
tion was solved using two-particle Green’s functions in coordinate space which is
13
accurate for binding energies of the order 100 keV.
As there is not enough information on the details of ^^Be - n potential they 
presented the calculated two-neutron separation energy of ^^Be as a function of 
the 1^5/2 state energy in *^ B^e. The experimental two-neutron separation energy 
(E =  1.3 MeV) in ^^ '^ B^e is reproduced for a I 0Î5/2 resonance a t *^ B^e E  — 2.4 MeV 
and an unbound l s i /2 state. The neutron pair in the ground state of ^^Be is 62.4 
% in the d^ / 2  state, 18.9% in s-state, 7.6% in <^3/2, 2.5 % in P3/2 and 1.1% in p i/2. 
We see tha t this model predicts relatively small amount of s-wave component in 
the g.s. of ^^Be.
The similar model was employed recently in the work by Labiche et al [Lab99]). 
The model used was devised by Vinh Mau in [Vin96]). They assume that the 
^^Be core stays in its ground state and diagonalise the two-extra neutron Hamilto­
nian for a neutron-neutron pairing interaction. They propose different scenarios 
for the structure of *^ ’^^ ^Be fixing the 1^5/2 resonance at 2 MeV and varying the 
energy of a low-lying s-state. This showed that, assuming the ground state of 
^^Be is an s-state, the measured binding energy of ^^Be could be reproduced 
only by (1) making ^^Be bound or (2) by reducing the energy of the measured 
^5/2 state in ^^Be. However, if the ground state configuration of ^^Be was as­
sumed to have an unpaired neutron in the lp i /2 level, (while the 2s i/2 state is 
at —3.15 MeV, according to the experimental one-neutron separation energy in 
^^Be), then the calculated two-neutron separation energy of ^^Be is in an agree­
ment with the experiment. The details of these different scenarios for *^ '^*^ B^e are 
shown in Table 2.1. In conclusion, this model predicts a 1 /2“ ground state in 
*^ B^e. A good agreement with experimental data on 1^5/2 position in ^^Be and 
two-neutron separation energy in '^^Be is found for a p i /2 resonance at 0.29 MeV 
with the two-neutron separation energy 5'2n=l-29 MeV and the 25% of (<^5/2)  ^
and 45% of (pi/2)  ^ in the ground state three-body wave function. Taking into 
account recent information on the ground state of ^^Be [ThoOl], the results of 
this model are not realistic.
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e(lp i/2) ((2^1/2) e(lc/5/2) '5*271 ,y.rms
-3.05 0.09 2 0.31 3.45
-3.05 -0.09 2 0.79 3.32
-3.05 0.09 1.38 1.02 3.02
0.12 -3.15 2 1.62 2.91
0.29 -3.15 2 1.29 2.93
0,34 -3.15 2 1.20 2.94
Table 2.1: Different scenarios for ^^4'^Be in two-neutron pairing model.
The three-body Faddeev approach was used by Thompson and Zhukov [Tho96] 
to describe the heavy beryllium isotopes. This model treats “^^Be as an inert *-^ Be 
core interacting with valence nucleons via a single channel /-dependent Woods- 
Saxon potential. The results of this work, for the ground state of *-'^ Be, are shown 
in Table 2 .2 . They obtain a set of three-body wave functions corresponding to 
the different scenarios of ^^ ’^ ^Be. As seen from the Table, assuming the ground 
state of ^^Be to be unbound virtual s-state very close to threshold and, at the 
same time, fixing the lc/5/2 resonance at the experimental value, 2.1 MeV, the cal­
culated "^^ Be is underbound (model C9), On the other hand, the correct binding 
of ^^Be is obtained if one assumes tha t *^ B^e is bound with the s-wave scattering 
length as=-|-14 fm (D4), but this model is not realistic. Therefore in order to 
keep ^^Be unbound and at the same time to describe correctly the binding of 
^^Be, the position of the l c / 5 / 2  resonance had to be lowered to 1.3 and 1.0 MeV 
(models C7 and 04, respectively).
In contrast to the macroscopic calculations described above, the microscopic 
three-cluster model was used by Descouvemont [Des95]. The model is microscopic 
in tha t a 14-body Hamiltonian is being solved and the basis wave function is an­
tisymmetrised with respect to the fourteen nucleons. To define the three-cluster
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Is Od ^14 S2 c/2 Rm
ÜQ reson. g.s. wt. wt. wt. rms
(fm) (MeV) (MeV) (%) (%) (%) fm
C9 -130 2.1 -0.402 83 14 87 3.43
D4 +14 2.1 -1.290 86 10 77 3.18
C7 -130 1.3 -0.983 29 67 98 2.96
C4 0 1.0 -1.298 1 96 92 2.80
Table 2.2: Different scenarios for in three-body Faddeev model.
*^^Be+n+n geometry of ^^ '^ Be, generator coordinates were used. The *^ B^e core 
was allowed to excite in this model and was described in the harmonic oscillator 
model with all possible configurations in the p  shell. ^^Be and ^^Be were stud­
ied simultaneously, the nucleon-nucleon force being fitted to the ^^Be separation 
energy with respect to the ^^Be+n-hn threshold. These calculations predict tha t 
the s-wave ground state in ^^Be is slightly bound, with the energy —19 keV, and 
the lc/5/2 resonance is at the measured energy 2 MeV. The calculations showed 
an increased rms radius compared to th a t of *^ B^e and a comparatively large core 
excited component in the total wave function.
The microscopic ^^Be—n potential derived by Descouvemont was used in 
Lagrange-mesh calculations of ^^Be by Adahchour et ai [Ada95], and later more 
accurately by Baye [Bay97]. Lagrange-mesh technique have proved to give a sim­
ple and accurate solution of the three-cluster ^^Be+n+n Schrodinger equation. 
The calculations show tha t a renormalisation of core-neutron potential with the 
factor 1.06 is needed in order to reproduce the binding energy of ^^Be 1.18 MeV 
which is very close to the measured value. The rms radius calculated in this 
model is large Rrms = 3.15 fm and agrees with the experiment. The ground state 
three-body wave function has the following main components in j j  coupling: 75%
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of (81/2)^, 20 % of (c/5/2)^, 2% of ( c / 3 / 2 ) ^  and 1.3% of ( ^ 3 / 2 ) ^ -
The above overview shows th a t the simultaneous description of the borromean 
system ^^Be and its unbound daughter *^ B^e is not an easy task. To describe 
correctly the binding of ^^Be one has to assume either a bound s-wave ground 
state of ^^Be or an unbound *^ B^e, but with a p-wave ground state. Neither 
scenario is consistent with the experimental data.
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C hapter 3
Structure o f and  ^ B e
In this chapter the structure of ^^Be and *^ '^ Be will be discussed.
The experimental information on ^^Be, described in the previous chapter, 
supports the three-body cluster structure of this nucleus. In the work presented 
in this thesis we assume tha t *^ B^e can be approximated as a core +  n  and *^ "^ Be 
as core +  n +  n.
When a three-body model is used to calculate the properties of the nucleus 
^^Be, it relies on a knowledge of the potentials involved and hence on the structure 
of the underlying binary subsystem ^^Be. In this sense the model presented here 
offers a simultaneous description of two nuclei. We will explore the parameters of 
the model to describe known experimental information on *^ B^e. After that, the 
obtained two-body potentials will be used in the three-body problem to describe 
'^^Be. It will be shown th a t the model we use allows us to describe ^^Be and 
*-^ Be simultaneously and the results we obtain agree with known experimental 
information on these nuclei.
The particle-core model is described in the book ‘Nuclear structure’ by Bohr 
and Mottelson [Boh75). This method was employed by the Surrey group [Nun95] 
to describe the properties of such weakly-bound and unbound two-body systems 
as ^^Be, *^*Li. The inclusion of core excitation made it possible to describe
^^Be as an s-intruder nucleus. Esbensen et al. [Esb95] also applied a model sim­
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ilar to tha t described in this work to positive parity states in ^^Be and One 
year later, the core excitation was included in the three-body problem, formu­
lated within the hyperspherical expansion method, in ref. [Nun96], to describe 
properties of ^^Be. In the case of one-neutron halo nuclei the core degrees of 
freedom have also been included in the work by Ridikas et al. [Rid98] to describe 
a series of carbon isotopes.
The basic idea of this method is th a t deformation of the core can lead to 
couplings with core excitations. For the two-body structure we assume a particle- 
rotor model. The advantage of this method is tha t the inclusion of core degrees 
of freedom is physically transparent and simplifies the calculations. But a t the 
same time one should be aware of the validity of such simplifications.
To solve the three-body problem the hyperspherical expansion method was 
used. This method is widely used nowadays to describe the characteristics of light 
exotic nuclei. The advantage of this method is tha t it uses the expansion over the 
complete set of orthonormal functions, which reduce the problem to the set of one­
dimensional hyperradial equations, the solution of which is translationally and 
rotationally invariant. Another im portant advantage of this method, for applying 
it to Borromean nuclei, is tha t the correct three-body asymptotic behaviour is 
included automatically. One of the disadvantages of this model is the slow energy 
convergence with the number of hyperspherical harmonics.
In this work we use an R-matrix method, on a Lagrange mesh, to treat the 
bound states and continuum states in ^^Be on equal basis.
This chapter is divided into two parts: two-body structure of ^^Be and three- 
body structure of '^^Be. For each nucleus the theoretical model will be formulated 
and numerical methods will be discussed. This will be followed by a discussion 
of the results for each nuclei. In the end of the chapter the results for both nuclei 
will be compared with each other and experimental data and the conclusions will 
be drawn.
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3.1 Inclusion o f core degrees of freedom
The total wave function of both the two-body(^^Be) and three-body(^^Be) sys­
tems is expanded in terms of the core wave functions of a set of low-lying states 
(0+ and 2+).
For the structure of the core the rotational model is used, where it is assumed 
tha t the core is a deformed axially symmetric object. The wave functions of the 
core are solutions of the Schroedinger equation for the rotating solid object:
(3-1)
and, in this case, are simply normalised rotation matrices [Bri68]
^MI<{^) — (4)? (3.2)
where I  is the spin state of the core; M  is the projection of I  on the z-axis in 
the laboratory coordinate system and K  is the spin projection on the z'-axis in 
the body-fixed frame of the core. Here we assumed th a t the coordinates in the 
body-fixed system are 9', 0', whereas the coordinates in the laboratory system 
are (j). Since the core is structureless axially symmetric nucleus, rotating about 
an axis perpendicular to the symmetry axis, iF =  0, which implies th a t I  is even. 
Here the core intrinsic coordinates ^ are Euler angles, defined in Ref. [Bri68].
In the body-fixed frame the radius of a deformed core can always be expanded 
in terms of the spherical harmonics. For simplicity we keep only the quadrupole 
term:
R{e’J )  =  %  [l +  /JK2o(0', ÿ ') ] . (3.3)
Then, for the core-neutron interaction, we assume a deformed Woods-Saxon
potential and a standard (undeformed) spin-orbit potential:
^  (3-4)
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with the same deformation parameter for all core states. Below we omit the 
variable 0 ' below because the core is axially symmetric.
To calculate m atrix elements it is convenient to expand the neutron-core in­
teraction in terms of Legendre polynomials [Boh75]:
=  (3.5)
Q
where
Vq{t) = ^  j \ m e '  d e 'v ^ P q i c ^ e ' ) .
The factorisation of angular and radial variables allow us to calculate the 
angular m atrix elements by recoupling the angular momenta, which will be shown 
separately for the two-body and three-body cases.
3.2 Formalism for 2-body system
3.2.1 T w o-b od y wave function
The Shrodinger equation we need to solve is
=  E ^ .  (3.6)
The to tal Hamiltonian H  of the two-body system (core +  n) can be written in the 
following way:
H  = f r ^ - V n c { r , i ) ,  (3.7)
where Tr is kinetic energy of the relative motion of core and valence neutron, 
hc{^) is the core Hamiltonian, which depends on the internal variables of the 
core and Vnc{r,^) is the interaction between the core and the neutron.
The to tal wave function of the system, with a definite angular momentum J
and projection M, is expanded in terms of the core states /:
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= E  à, i), (3.8)
where T .^^(r, 5 , | )  is a function, which depends on spin, angular and internal
core variables:
=  {[y; ® x j ' ®  M - '" .  7 = (3.9)
To solve the problem we substitute this expansion into the to tal Schrodinger
equation to obtain the set of coupled equations: 
f cP 1(1+ 1)'^  + E w^Wxy(?’),(3.io)
^ ' ( r )  = (y '^ (^f,ê,i)IVUr,d',<^>')ly .^ (^f,S,i)}.
The radial wave function obeys the standard boundary condition a t the origin:
0. (3.11)
For the bound states, the channel wave function has the following asymptotic 
behaviour:
%;;(r) 0 (3.12)
For the unbound states, the channel wave function has the following behaviour:
x i  I (i/f(M 'Î770  -  . ^ 7 > 0  _
Xj a:^Wi(Kr), E j  < 0
where the subscript 70 denotes the channel with the incoming wave, H^{kr) = 
Gi{kr) ±  iFi{kr) are the outgoing and ingoing Coulomb functions, Wi{K,r) is the 
W hittaker function for the closed channels, and is a constant, which char­
acterises the asymptotic behaviour of the wave functions in the closed channels.
is the 5-m atrix for an incoming plane wave in channel 70, and Er^  is the 
energy of the particle in each channel:
Er  ^ — E  — €[ (3.14)
-  <
Er, < 0
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3.2.2 A ngular part o f 2 -b od y  m atrix  elem en ts
In this subsection we will concentrate on the evaluation of the angular part of 
the m atrix elements. Our neutron-core interaction consists of two parts: the 
deformed Woods-Saxon part and undeformed spin-orbit potential. First we will 
present formalism for the deformed part of the potential.
D efo rm ed  W o ods-S axon  m a tr ix  e lem en ts  In the first section of this chap­
ter we expanded the deformed neutron-core interaction in terms of Legendre 
polynomials to separate the angular part of interaction from the radial part.
Q
Here we use the definition of reduced m atrix elements from Brink and Satch- 
ler [Bri68]:
{J'M'\PQ[cose') \JM)  =  { - l f ' ^ { J M Q O \ m ' ) ( J ’\\PQ{cose')\\J). (3.15)
Legendre polinomials may be written as a scalar product of modified spherical 
harmonics [Bri68]
Fq (cosO  =  C q (0 ) -C q ( |) . (3.16)
The core and valence particle degrees of freedom can be separated and one gets
(J 'I lC g -C g lIJ )  =  ( - l ) ^ + " '+ ^ 'W / '  (3.17)
X j < i ' l | C < 5 ( 0 ) | | i ) ( 7 ' | iC<3 ( $ ) | | / ) .
The next step is to calculate the reduced matrix elements {j'\\OQ{9)\\j) and 
(T ||C q(^)| |7) associated with the valence particle orbital angular momentum and 
core structure, respectively. The orbital angular momentum m atrix elements are:
I r  s
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0 0 0
(3.18)/
The core structure m atrix elements are evaluated using the definition of core 
states (3.2) and the orthogonality of rotational matrices. Assuming K  ~  0 matrix 
elements are are as follows:
O '  Q (3.19)
\  0 0 0 y
Substituting (3.18) and (3.19) into (3.17) one gets the final result for the 
angular part of the deformed core-neutron interaction reduced m atrix elements:
( / | |C Q  . Cqll J) =  (3.20)
/  j  Q I  f y  J Q I  /  f Q w  ;  r  Q
^ ' i r j } { i i ' s ) \ o o o J \ o o  0
S p in -o rb it m a tr ix  e lem en ts  These are obtained easily, because of the choice 
of the basis, where the spin-orbit m atrix elements are diagonal:
(((', s ' ) f ,  J'\l ■ s\(l, s)j, / ;  J) = ~  +
(3.21)
3.2 .3  R -m atrix  m eth od  on a Lagrange m esh
In this work we will explore the model to find the range of parameters where ^^Be 
is unbound. The method which allows to describe bound and unbound states on 
equal basis is the iR-matrix method on a Lagrange mesh. The description of this 
method can be found in [Bay98, Mor99]. Below we present an outline of this 
method.
Consider a system of coupled channel equations we have to solve:
(Ty +  -  uB) %^ (r) =  -  (r)%Y(r), (3.22)
77^ 7'
where Ty =  ^   ^ includes diagonal terms of core-neutron
interaction and channel threshold energy Cy.
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R -m a tr ix  m e th o d  The idea of the R-m atrix method is simple. At some value 
of the radial variable r — a the potential becomes negligible and the wave function 
can be approximated by its asymptotic form. Thus, the configuration space is 
divided by the radius a into two regions. In the internal region the wave function 
is expanded on some basis and in external region it takes its asymptotic form.
Then the procedure to calculate the scattering states is as follows. The scat­
tering wave functions are expanded in terms of eigenvectors g2 of the coupled- 
channel system:
X7M  =  (3-23)
e
where e numbers eigen-states. Eigen functions should satisfy boundary condition
=  0,
where By is channel boundary parameter, which is assumed to be real and should 
be chosen according to physics of the system. In its turn to calculate the eigen­
states we choose a suitable basis {fi},  which should be orthogonal and normalised 
to unity in the internal region [0 , a],
9?M  =  E C 7 7 i « .  (3.24)i
As we expand gj  in terms of the basis functions {fi }  which do not necessary satisfy 
the required boundary conditions, one has to add a surface Bloch operator to the 
system (3.22). This operator is diagonal with diagonal elements:
Using (3.22) and (3.25) the Bloch-Schrodinger system of coupled equations reads: 
{T^ + C^ + -  E,)  gj(r) + E  (r)gj' (r) =  0. (3.26)y:^yl
Then the bound state energies are given by the eigen-values of Bloch-Schrodinger 
equation (3.26).
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The R-m atrix at energy E  is defined as
o(Xy(r)
r dr
By! . ,— Xy(^) (3 .27)
On the boundary of the internal region the R-matrix can be calculated from the 
eigenstates g2 and corresponding eigen-values Eg:
[E) 2g,yü E E , - E (3,28)
Using Eqs.(3.13) and (3.27) the scattering S-matrix can be calculated from R- 
m atrix and diagonal matrices composed of Coulomb functions, as
-1S = [H+ -  R(H+' -  a-^BH+)] [H“ -  R(H ' -  a-^BH")] , (3.29)
where B is the diagonal m atrix composed of channel boundary parameters By. 
The expansion coeflnicients for the scattering wave functions are as follows
= (3.30)
X ~ {ky'o) -  a ^By'Hy{ky>a)^ -  Sy>y^  (^H'y{ky>a) — a ^Byi7.J(/cya)^] ,
where 70 is a channel with incoming wave. Here and in (3.29) H^^(kyr) =
t dHf{k^r)dr
C ho ice  o f th e  b o u n d a ry  p a ra m e te r  B  The boundary param eter B  in the 
Bloch operator provides a correct asymptotic behaviour of the wave functions. As 
we require exponentially decaying asymptotics for the bound state wave functions 
and the wave functions of the closed channels, in these cases we should choose 
the following expression for boundary parameter in the channel 7 :
dW{kyr)/drBy — a (3.31)
where for the bound states ky = y  —2yU^E.y/^ ,^ Ey is a binding energy and for the 
closed channels ky — yJ—2fj,y{E — ey)fh‘^, where 6y is the threshold energy in the 
channel 7 . For scattering calculations we can assume By = 0 for open channels.
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L ag ran g e  m esh  basis In the Lagrange method, the Lagrange functions are 
used as a basis set of N functions {fi}  on the interval [0, a]:
where Pn  is the shifted Legendre polynomial, defined on the interval [0,1].
Each basis function fi{r) is associated with a mesh point X{ {vi — axi) and 
vanishes a t all mesh points except the one to which it is associated:
(3.33)
where the coefficients A* are the Gauss-Legendre quadrature weights for the in­
terval [0 , 1].
Because we use Lagrange functions as a basis, their normalisation and orthog­
onality properties are important. In a strict sense, Lagrange functions are not 
orthogonal but, in the Gauss approximation, the Lagrange functions are orthog­
onal as they satisfy the condition (3.33).
The explicit forms of the m atrix elements of the kinetic energy operator, the 
Bloch operator, the centrifugal term  and potential for the choice of fi  in (3.32) 
are given in Ref. [Hes98].
3.2 .4  E ffective range th eory  for v irtual sta tes
In our model we assume tha t ^^Be has an s-shell ground state and is unbound. 
In this case the ground state of ^^Be is not a resonance, because of the absence of 
centrifugal and Coulomb barriers for this state. The simple theory of this kind of 
state is described in textbooks on scattering theory (see, for example, [Wu62]).
The virtual state is another type of long lived state introduced in nuclear 
physics. It is not just a convenient mathematical notation, but a real physical 
state, in which the particle spends a significant time in the region of the potential. 
If we measure the scattering the virtual state will reveal itself as an enhancement 
in the cross section at low energies.
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Now let us assume that a particle moves in a potential which has a virtual (or 
real) level with the small binding energy. For this case we can apply low energy 
scattering formalism. For low energies the scattering phase can be expressed:
lim /ccot(J) -- — —, (3.34)
where uq is the scattering length. When uq < 0 we say there is a virtual level 
with a binding energy 2^ -  When Uq > 0 we have a real level with the binding 
energy
The formula above could be used to interpret the calculations when the energy 
of the state is very small. For more accuracy over a range of energies the effective 
range theory is used. It can be shown (see, for example, Ref. [Wu62])that for 
low energies kcot{ô) can be expanded in a power series of as:
kcot(â) =  — ~ -h  ^ k ^  +  0(k'^), (3.35)do 2
where scattering length do is calculated from (3.34) and Tq is called the effective 
range of the potential. The energy of the bound or virtual state is now determined 
by the two parameters do and Tq. The procedure to calculate it is as follows. First, 
we calculate the phase shift at very small energy and deduce the scattering length 
from this phase shift. The next step is to calculate the phase shift at the higher 
energy and, using the formula (3.34) and the value of scattering length, calculate 
the effective range tq. The virtual state has energy
(3.36)
where k is obtained from the equation:
To calculate the energy of the 2s i/2 virtual state we used the second order
effective range theory, see formula (3.36). Actually we could calculate the energy
of the virtual state using only the scattering length, from the expression E  =
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Figure 3.1: 2s i/2 ground state energy in ^^Be calculated: a) from the scattering length 
using formula (3.34); b) from eigen-values in Æmatrix method; c) from second order 
effective range theory using formula (3.36).
2^ s ig n (a o )  and formula (3.34), but this formula is not accurate enough. For 
large values of deformation the energy of the 25i/2 state becomes negative and 
thus could also be calculated from the eigen-values of Eq. (3.26).
It is interesting to compare the results of these three methods. The results 
of the calculations are presented on Fig.3.1 as a function of the core deformation 
(3. It can be seen that, for very small energies, the second order effective range 
theory and scattering length give the same results. In the following we will use 
the effective range theory to calculate the energies of the virtual 3-states in ^^Be. 
The energies of the bound states will be found by sloving the eigen-value problem
(3.26).
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3.3 N um erical details and checks
The two-body calculations have been done using the LMCC code (Lagrange mesh 
coupled channels) developed for this problem. This code uses the Lagrange mesh 
engine of Ref.[Mor99]. In this section the necessary numerical details and checks 
will be presented.
3.3.1 N um erical checks o f th e  Lagrange m esh  code
The Lagrange mesh code has been used to calculate the ground state energies, 
the resonances and the scattering wave functions (which will be used in reaction 
cross section calculations in the next chapter). The numerical checks have been 
done in two stages: (1) comparing the calculated results with exactly solvable 
problems; (2) reproducing the calculations of the others.
To check binding energies and the scattering phase shifts we used a two- 
channel 3-wave Bargmann-type potential derived by Cox in Ref.[Cox64]. This 
potential was then revisited and used in R-matrix calculations on Lagrange mesh 
in Ref. [Hes98]. To check our calculations we assumed the same parameters of Cox 
potential as the authors of [Hes98]. The Cox potential provides the possibility to 
check the solution of the coupled channels equations in the code, diagonalisation 
of scattering matrices and calculation of the eigenphases, while the comparison 
with the results of Ref. [Hes98], where the Lagrange method was employed, allows 
a check of the R-matrix method on the Lagrange mesh. To do th a t we studied the 
convergence of the eigenenergies and phase shifts on the model space parameters: 
the matching radius a and the number of Lagrange functions (or mesh points) 
N.
To check the inclusion of the core excitation formalism and m atrix elements 
we then reproduced the calculations done in the simular model for the bound and 
excited states of ^^Be, presented in Refs.[Nun95] and [Nun95a] .
30
a, fm N Pot I, MeV Pot la, MeV a, fm N Pot I, MeV
exact -0.1125189 -0.001273589 -0.1125189
10 10 -0.1123836 unbound 10 10 -0.1123836
20 20 -0.1125208 -0.001273192 10 12 -0.1125211
30 30 -0.1125190 -0.001273589 10 14 -0.1125184
40 40 -0.1125189 -0.001273597 10 16 -0.1125177
50 50 -0.1125189 -0.001273590 10 18 -0.1125178
60 60 -0.1125189 -0.001273589 10 20 -0.1125178
Table 3.1: Convergence of the calculated binding energy with size of mesh N  and 
matching radius a for two sets of Cox potential parameters.
B o u n d  s ta te  en erg y  ca lcu la tio n s  The bound state energies are obtained in 
R-matrix method by calculating the eigenvalues of Schrodinger-Bloch equation
(3.26). Strictly speaking, in order to have the correct asymptotics the boundary 
parameter B  should be calculated iteratively. But if we choose a larger matching 
radius we can obtain correct binding energies with boundary parameter equal to 
zero. Here we found th a t for matching radius a =  30 fm and number of mesh 
points N  =  30, the iterative method and method with B =  0 give the same 
binding energy with accuracy up to the 6th  decimal point.
Below we present the convergence of the calculated binding energy to the 
exact one for the case of Cox potential [Hes98], where we calculate the binding 
energy iteratively using nonzero boundary parameter B.
In Table 3.3.1 we present the convergence of the bound state energies obtained 
from two sets of Cox potential parameters. In the left part of this table the 
convergence with the matching radius is presented (to keep the density of mesh 
points the same we have chosen N  = a m  this study). It is seen tha t the energy 
is converged up to the 5th decimal point for the matching radius of 20 fm and 
up to 4th decimal point for a = 14 fm. To improve the convergence, one can 
increase number of mesh points, for example, the calculated energy agrees with
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a, fm N a, fm N <Î2 a, fm N 2^
E =  0.1 E =  1 E =  10
exact -75.2577 exact 56.7800 28,4564 exact 18.0834 10.7524
10 10 -75.3771 10 10 56.8492 28.3809 10 20 17.8437 10.4531
10 15 -75.3138 10 15 56.7716 28.4493 10 25 18.0811 10.7502
10 20 -75.3140 12 15 56.7754 28.4521 12 25 18.0582 10.7242
12 20 -75.2598 12 20 56.7787 28.4558 12 30 18.0831 10.7221
Table 3.2: Eigenphases calculated exactly and approximately with the mesh 
method for different energies.
the exact with the accuracy up to the sixth decimal digit for matching radius 
a =  10 fm and number of Lagrange meshes N  = 14. For the states very near to 
the threshold (we are interested in these in the present study of ^^Be and ^^Be) 
the accuracy of the binding energy is very important.
On the next stage of the numerical checks we calculated the ground and first 
excited state energies for ^^Be, using the potentials and input parameters from 
Ref.[Nun95a].
C o n tin u u m  ca lcu la tio n s  Table 3.2 contains the comparison of the exact eigen­
phases with ones obtained in Lagrange mesh method. The values of a and N  in 
this table were taken from Ref.[Hes98] and the results obtained in the present 
work fully agrees with the results of Ref.[Hes98]. One can see that, for a small 
matching radius of 12 fm and mesh size around 20 the approximate eigenphases 
agree with the exact with accuracy up to 3d digit after the decimal point.
For ^^Be calculations we used a matching radius a =  30 fm and number of 
Lagrange mesh N  — 30.
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J"  =  1/2+
channel: 1 2 3
I 0 2 2
j 1/2 3/2 5/2
I 0 2 2
channel: 1
r  =  
2
5/2+
3 4 5 6
I 2 0 2 2 4 4
j 5/2 1/2 3/2 5/2 7/2 9/2
I 0 2 2 2 2 2
Table 3.3: Coupled channels for 5/ 2+ and 1/ 2+ states.
3.4 R esults for
Using the particle-rotor model described above, we have explored the parameters 
of the potential to see which, if any, are compatible with the available experi­
mental data.
In other words, the aim of this work was to find the values of the spin-orbit 
potential depth and the depth and deformation of the deformed Woods-Saxon 
potential which position a 5/2+ resonance a t 2 MeV and simultaneously place a 
1/ 2+ ground state very near to the threshold.
3.4.1 C hoice o f th e  param eters
We assumed a standard Woods Saxon geometry: radius ro — 1.2 {Rq — 
fm and diffuseness a = 0.65. The same parameters we use in the spin-orbit 
potential. As we don’t know exactly the deformation of the ^^Be core we made 
calculations for the full range of the deformation parameter /I2 € [~1 : 1].
The sets of angular momentum components coupled to 1/ 2+ and 5/2+ are 
shown in Table 3.3.
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3.4.2 5 /2^  resonances in ^^Be
The ^^Be system has an interesting feature: the 5/2+ resonance energy 2 MeV is 
very close to the 2+ excitation energy in ^^Be at 2.1 MeV. Also there is a virtual 
3-state close to the threshold. Because of this it is natural to suggest tha t the 
existence of a 5/2+ resonance in ^^Be could be connected with core excitation in 
^^Be and so the resonance 5/2+ should have a large amount of [2s i /2 ® 2+] 5/2+ 
core excited component.
2.1 MeV -------------— 2+ sta te  in core 12Be
2.0 M e V ------------------------------ 5/2+ sta te  in 13Be
0.0 MeV        0+ sta te  in core 12Be
Figure 3.2: First excited state in ^^Be core and the 5/2+ resonance in ^^Be.
To understand this, let us consider a system of two coupled channels, where 
one channel (channel 1) is closed [JohOO]:
{El ~ Ti — Vi)\ipi) — Vi2\i’2)i El < 0 ,
{E2 — T2 — V2)\lp2) =  l2l|'0 l)j E 2 > 0. (3.38)
Then we can write:
(£^ 2 — T2 — 14) 1^ 2) =  V2l~  —----- :^Vl2\'lp2)- (3.39)jtvi — I l  — Vi
Suppose Vi has a bound state \4>n) with energy En and suppose we are inter­
ested in energies Ei  close to En, then
I . |‘^ n)(^n|
El —Ti — Vi El  — En 
Then equation (3.39) can be rewritten
(3.40)
(%  - T 2 -  =  | / „ ) . ^ _ < / „ | ^ 2 ) ,  (3.41)
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where, |/„> =  Ui2|</>n>- 
Solution of (3.41) is
IV-2) =  1X2) +  G 2 l / ™ ) ÿ ^ ^ ^ - / ( ^ ^ ^ ( / n | X 2 ) ,  (3.42)
where (£*2 — T2 — ^ 2) 1x 2 > =  0 and G2 is a Green function of the Eq.(3.41).
By standard analysis in the coordinate representation, when r  —> 00
where transition amplitude T2 is associated with V2 alone.
Except for very special V2 , the quantities (x t l fn )  and (/n |G 2|/„) will be 
smooth functions of energy and the energy dependence will be determined by 
the denominator Ei — En — (/n|<^2|/n)- If (/n |G 2|/n) is small and smoothly vary­
ing with energy there will be a resonance at
£1 =  £n +  E'e(/n|G2|/n), (3.44)
where £^  is the original bound state energy and R e(/„ |G 2|/n) is the energy shift 
produced by coupling to the open channel. The width of this resonance is also 
determined by coupling to the open channel. The more the coupling, the wider 
is the resonance:
r o c I m ( / n | G 2 | / n ) .  (3 .45)
In our system ^^Be we assume we have a virtual (or bound) state near the 
threshold. For zero deformation, when there is no coupling to the open channel, 
there is no resonance associated with the virtual state and excited core. For non­
zero deformations, because of the coupling with the open channel (in our case, 
[1^5/2 0  0+J5/2+), flux goes to the open channel and the particle can escape. In 
other words, the resonance appears. Then, if coupling becomes stronger, more 
flux goes to the open channel and there is more probability for the particle to 
escape, so the width of the resonance should increase.
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So far we discussed the resonance build on the excited core but there is another 
resonance in our system, which is pure lds /2 for zero deformation. For non-zero 
deformation this I 0Î5/2 state couples with the core excited component [2s i/2 0  
2+]5/2+.
To illustrate the above discussion, we found the positions of both resonances
for small values of core deformation. The Woods-Saxon depth was —54 MeV and
spin-orbit —2.5 MeV. For zero deformation the ^5/2 resonance is a t 2 MeV and
the 2s i /2 state is bound with the energy —0.5 MeV. To study the resonances we
calculated the ^5/2 phase shifts as a function of the scattering energy for different
values of core deformation parameter /?. In the particle-rotor model the coupling
strength is represented by the core deformation. First of all, we find, tha t the
position of the resonance for (3 = 0.01 is at 1.7 MeV, which is very close to the
expected £ 2+(core) — £ 251/3 ~  2.1 MeV — 0.5 MeV =  1.6 MeV, which supports the
core excited origin of this resonance. As the coupling increases, the resonance sea F/g.33energy goes down/ At the same time, the width of the resonance is increasing with 
deformation as was predicted by formula (3.45). The position of the resonance 
build on the inert core slowly varies with deformation.
Consequently in this system we can have two resonances with quantum num­
ber 5/2+, which for small values of core deformation can be attributed to the 
resonances build on the ground state of the core [1^5/2 0  0+J5/2+ and on the 
excited core [2s i/2 0  2+]5/2+. For larger core deformation this labelling method 
doesn’t work, because the admixture of other components in the wave function 
to both resonances becomes large due to the large couplings. In the calculations 
we adjust the parameters of the potential so tha t the lower of two resonances is 
at 2 MeV because no lower 5/2+ state was seen experimentally.
T h re sh o ld  p h e n o m en a  When the scattering energies are higher than the 
threshold energy, there is enough energy to excite the core and all 6 channels 
in our system are open. If we plot the phase shifts as a function of energy, the
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S’"O 180   p = 0.01 p = 0.03
—  (3 = 0.05 
  (3 = 0.07JC
Q.
2.1 2.2E, MeV
Figure 3.3: phase shifts as a function of energy for different values of core defor­
mation parameter.
phase shifts will be discontinuous a t the threshold, the same happens with the 
cross sections. This is called the threshold anomaly phenomena [New66]. At this 
point, the cross sections of all processes i j  have singularities of the type, 
shown in Fig. 3.4:
Figure 3.4: Threshold anomalies in the cross section: cusps and rounded steps. This 
figure is taken from Ref.[New66].
Formally, the threshold point is a branching point of the S-matrix. When 
the energy is close to the threshold the I — 0 element of the S-matrix is a linear 
function of y/E  — E t , where the E t  is a threshold energy, whereas the S-matrix 
elements with I ^  0 can be considered constant [Baz71]. This results in the
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anomaly in the s-wave channel. As the s-wave is coupled to the other components, 
there will be anomalies in the other channels as well. In other words, the threshold 
anomaly can be ‘visible’ only in the s-wave channels and the channels, coupled 
to it.
In our system, when the scattering energy is equal to the core excitation energy 
2.1 MeV, the s-wave channel and other 5 channels are open. The situation here is 
more complicated because we have a resonance near the threshold. The example 
of the phase shift threshold anomaly is shown in Fig. 3.5:
200 
-o  150
100
50
Q .
20
15
JD 10
5
01.5 1.7 1.9 2.1 2.3 2.5E, MeV
Figure 3.5: Phase shifts and partial elastic cross sections calculated from the diagonal 
elements of the S-matrix (not diagonalised).
This phase shifts and partial elastic cross sections were calculated from the 
diagonal elements of the scattering m atrix in order to trace to which channel 
each phase shift belongs t / .  It can be seen from this picture th a t a t the point of 
threshold the d^ / 2  phase shift is discontinuous, and the Si/2 phase shift is rapidly 
increasing with the energy.
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|VJ. MeV
Figure 3.6: The dependence of the 1/ 2"'" and 5/2"*" state energies on spin-orbit depth 
for different Woods-Saxon potential strengths when (3 — 0.5.
3.4 .3  M apping th e  param eter space
A systematic study of the general (two-body system) properties on the parameters 
of the particle-rotor model can be found in Ref. [Nun95a]. Taking into account 
the information presented in tha t work, here we study ^^Be properties by varying 
deformation, spin-orbit depth and central Woods-Saxon potential depth.
To obtain a general idea of the Woods-Saxon and spin-orbit strengths we 
should use, we keep the deformation fixed /?=0.5 and study the dependence of 
the 1/2+ and 5/2+ state energies on the spin-orbit depth for several fixed central 
Woods-Saxon depths. The results are presented in Pig. 3.6.
First of all, we see tha t the dependence of the 1/2+ energy on the spin- 
orbit depth is small (because the dependence is only through couplings with 
[1^5/2 ® 2+J1/2+ and [lc/3/2 0  2+]l/2+), while tha t of the 5/2+ state changes 
significantly. Thus, generally speaking, the position of 1/2+ state is governed
39
>CD
LU
4
2
0
-2
-4 —  5/2"' resonance
  5/2"^  resonance
- -  1/2"" state-6
-8
-10 1 0 0.5
P
Figure 3.7: The deformation dependence of the 5/2+ and 1/ 2+ states in ^^Be. Two 
resonances with quantum numbers 5/2+ are shown.
mostly by the Woods-Saxon depth and the position of the 5/2+ state can be 
adjusted using the spin-orbit force.
In conclusion, from this graph we see tha t in order to have the 1/2+ state 
near the threshold and unbound we must choose a relatively shallow potential 
and small spin-orbit strength to obtain the 5/2+ state at 2 MeV.
‘N ilsson -like’ g rap h s  The next step is to study the influence of the coupling 
strength on the 1/ 2+ and 5/2+ states. In Pig. 3.7 we fix the strength of the 
Woods-Saxon potential and spin-orbit depth and vary the core deformation (3.
This is a ‘Nilsson-like’ graph. The différence between this graph and the one 
obtained by Nilsson is that, in the Nilsson model, the projection of total angular 
momentum on the symmetry axis is used while here we project the angular mo­
mentum on the laboratory z-axis. The depth of the Woods Saxon potential is, in
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this case, the same for all values of deformation and the 5/2+ state is therefore 
not fixed at 2 MeV.
The depth here was chosen to obtain an 1/2+ state close to the threshold and 
one of the 5/2+ states at 2 MeV for zero deformation. The spin-orbit depth was 
taken to be —2.5 MeV. For small deformations the lower resonance (resonance
I) has the biggest component [2s i/2 <S> 2+] 5/2+. The higher resonance (resonance
II) is a pure lds / 2  for j3 — 0. It is seen th a t the increased coupling with the 
excited core lowers the energies of these states. The behaviour of the resonance 
I is generally consistent with the Nilsson plot. The behaviour of the resoijce II 
can be explained by its proximity to the 2.1 MeV threshold.
E x p lo ra to ry  ca lcu la tio n s  The next step in the calculations was to fix the 
5/2+ state at 2 MeV and find whether ^^Be is unbound in some regions of (3. It 
is seen from the Nilsson graphs th a t in order to keep the 5/2+ state a t the fixed 
energy 2.0 MeV we need to decrease the depth of the Woods-Saxon potential 
with deformation.
These calculations were performed for several values of spin-orbit depths, 
starting from a typical —7 MeV and up to —1 MeV. The corresponding Woods- 
Saxon depths as a function of deformation are shown in Fig. 3.8. The calculated 
energies of the 1/2+ state are presented on Fig. 3.9 as a function of core deforma­
tion for the set of spin-orbit depths. The continuum 1/ 2+ states were calculated 
using the effective range theory and the bound energies here are eigenvalues of 
the Schrodinger-Bloch equation.
It is seen from this picture tha t the weaker the spin-orbit depth the lower 
the position of the 1/2+ state. This behaviour can be understood with the help 
of the Fig. 3.6. If we assume a large spin-orbit depth we have to decrease the 
Woods-Saxon depth in order to obtain the 5/2+ resonance a t 2 MeV (because 
of the small dependence of the 1/ 2+ energy on spin-orbit depth). For the small 
spin-orbit depth —1 MeV ^^Be is bound for all values of deformation parameter.
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Figure 3.8: The deformation dependence of the adjusted central Woods-Saxon poten­
tial for different values of spin-orbit depth.
When we decrease the spin-orbit depth, ^^Be becomes unbound in the regions of 
large core deformation. This can be understood if one looks at the ‘Nilsson-like’ 
graph in Fig. 3.7, where the energies of the 1/2+ and 5/2+ state decrease with 
deformation and the position of 5/2+ state lowers quicker than th a t of 1/2+ state. 
In order to compensate for this decrease, and fix the 5/2+ state a t 2 MeV, we 
must decrease the depth of central Woods-Saxon potential with deformation. For 
spin-orbit depths approximately —2 MeV and larger ^^Be is unbound for some 
values of deformation parameter and these regions increase with the spin-orbit 
depth.
For small deformation parameters a peculiar behaviour of the 1/2+ energies 
can be noticed. This happens due to the fact tha t for small deformations the 
two 5/ 2+ resonances are close to each other. To locate the resonance energy we 
require the phase shift to be 7t / 2 . For two close resonances this method is not
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Figure 3.9: The deformation dependence of 1/ 2*** level in ^^Be for different values of 
spin-orbit depth, where the central Woods-Saxon potential was adjusted for each /3 to 
keep the 5/2+ state at 2 MeV.
accurate enough.
S tru c tu re  o f th e  5 /2+  re so n an ce  As was discussed in the earlier subsection, 
for relatively small deformations, we have two resonances in our system, associ­
ated with two core states. In the calculations, we fitted the model parameters 
so th a t the lower resonance is at 2 MeV. This means tha t the ‘higher’ resonance 
is pushed upwards and sometimes disappears. Because of the strong couplings, 
for even small core deformations, the structure of the resonances quickly changes 
with deformation.
In Fig. 3.10 we present the structure of the 5/2+ resonance fixed at 2 MeV. 
The picture shows the amount of the core g.s. state [1^5/2 (g) 0+J5/ 2+ in the 
resonance wave function. As is seen tha t for comparatively large deformations the
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V„ = -1 MeV 
» V,^  = -2  MeV 
V„ = -3  MeV 
— ■* V|j = -4  MeV 
V„ = -5  MeV 
V. = -6  MeV
► V,_ = -7  MeV
Figure 3.10: The amount of the g.s. core component in the 5/2+ resonance in^^Be.
5/2+ resonance contains a large amount of inert core and excited core components 
and cannot be attributed to the inert core resonance or excited core resonance. In 
the region of small deformations, for some value of spin-orbit depth between —6 
MeV and —5 MeV the resonance changes nature; for small spin-orbit depths it is 
a resonance built on the excited core, and for large spin-orbit it is one built on the 
core ground state. Also we see tha t for large positive deformations the amount 
of 1^5/2 component in the wave function is from 20 to 30 % for small spin-orbit 
depths and 40-50% for large spin-orbit depths. For large negative deformations 
the amount of 1^5/2 component is larger than 50%.
C o m p ariso n  w ith  e x p e r im e n ta l d a ta  Above we have obtained a set of po­
tential parameters for ^^Be, which will then be used to describe the three-body 
system ^^Be.
All the potential models satisfy the first experimental requirement: a 5/2+ 
resonance at 2 MeV. The second experimental requirement, tha t ^^Be is unbound, 
puts the further constraint on our models, making the ‘allowed param eter’ area 
quite complicated. To illustrate this, we made a map of the parameter space. In
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Figure 3.11: The region of deformation parameters and spin-orbit depths where ^^Be 
is unbound, (a) corresponds to positive deformations and (b) to negative deformations.
Fig.3.11 the solid line divides the area of deformation and spin-orbit depths into 
two parts: the part where ^^Be is unbound, and another part, where it is bound.
From the coupled channels analysis of proton-^^Be inelastic scattering data [IwaOOa], 
we expect the deformation parameter to be large, in the range 0.73 d= 0.8. If we 
assume large positive deformation /?=0 .8 , we see, from the left figure, tha t the 
area where ^^Be is unbound is quite large: |Vîs| >  2 MeV. The smaller the defor­
mation parameter, the smaller the range of spin-orbit depths, which keep ^^Be 
unbound. For small spin-orbit potential the ground state is very close to the 
threshold, for example for /?—0.8 and %g=—2.5 MeV.
For negative deformation parameters the situation is similar: for large nega­
tive deformation ^ = —0.8 ^^Be is unbound for |l^g| > 3 MeV.
So, for large deformations, in our model ^^Be is unbound pi for a set of spin- 
orbit potentials, and we can describe ^^Be properties for large deformations. The 
next step to restrain the model space is to calculate the three-body binding 
energy, using the two-body potential. The known empirical information on the 
radius and reactions, will further distinguish between these potential models.
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3.5 Form alism  for th e three-body system  ^^Be
The Core +  n  +  n  cluster structure of some light nuclei (®He, ^^Li, ^^Be) allows 
us to approximate the many-body problem by a three-body one.
Several methods have been developed to treat three-body systems: Faddeev 
method, variational method, method of hyperspherical harmonics (see review in 
[Zhu93]). The method of hyperspherical harmonics, which is used in this work, 
was introduced in Ref. [Gro37]. As hyperspherical functions are orthonormal, 
a few-body wave function can be expanded in terms of them, in the same way 
as two-body functions are expanded in terms of spherical functions. As a re­
sult one obtains a set of coupled hyperradial equations, the analog of the radial 
Schrodinger equations of the two-body system.
For problems in nuclear physics this method is advantageous, because in this 
method the wave functions are obtained from one-dimensional equations without 
introducing any fitting parameters.
This method is widely used in the physics of light nuclei and was successfully 
applied to describe bound and continuum states of exotic nuclei (see references 
in [Gri97]). In this method, for weak binding, the structure of the nuclei is 
represented using only a few terms of the hyperspherical expansion. The wave 
function in this method automatically has the correct asymptotic behaviour above 
the two-body thresholds.
The disadvantage of hyperspherical method is its slow convergence for large 
values of hypermomentum K  [Nun95t^Nun96].
3.5.1 H yperspherical form alism
Ja c o b i c o o rd in a te s  Jacobi coordinate systems have a wide application in nu­
clear and atomic many-body problems because they exploit native symmetry of 
the many-body free Hamiltonian (kinetic energy). The Jacobi transformation 
keeps the kinetic energy and the plane wave phase diagonal. The use of Jacobi
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Figure 3.12: Normalised Jacobi coordinates.
coordinates leads to a new quantum number - the hypermomentum K .
These coordinates are constructed in the following way. The first Jacobi vector 
connects two arbitrary particles; the second vector connects a third to their centre 
of mass, and so on. For two particles the Jacobi set is unique. For three particles 
we have three possible sets (see Fig. 3.12). We present here the explicit form of 
the Jacobi coordinates for the sets (2) and (3), as we will use them in this and 
the next chapters:
set (2)
set (3)
I r 2 ( i c )
r i  -  vc
r i  -T 2
A1+A2
(3.46)
(3.47)
rc
In the hyperspherical formalism the normalised Jacobi coordinates are used 
because they simplify the method and unify the variables for different sets of 
masses {A^}. They are constructed in the following way:
set (2) <
set (3)
x(2)
y(2)
x(3) —
y(3) = '{A\-\-As)Ac
(3.48)
(3.49)
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The choice of the coordinate system is the m atter of convenience and sim­
plicity. For example, the neutron-core m atrix elements are easier to calculate in 
the Y-coordinates (1,2). In the T-set (3) the antisymmetrisation of the wave 
function between the two neutrons is more straightforward.
H y p e rsp h e ric a l ex p an s io n  The hyperspherical method will be formulated 
here in the T-coordinate set. For simplicity we will drop the superscripts of coor­
dinates {x(^\y(^)}. The three-body Hamiltonian of the system after separation 
of the centre of mass motion is written in the following way:
H  = T x T y  V^ (3.50)
where and Ty are the kinetic energy operators associated with the x  and y 
Jacobi coordinates respectively, he is the core Hamiltonian and V  is the interac­
tion:
V  =  Kc(ric, i )  + Hnc(r2C, Î)  + Kn(x, Sz, L). (3.51)
Here r \ c  and V2c  are the vectors connecting neutron 1 and neutron 2 with the
core. As previously, the vector ^ represents the internal coordinates of the core
(Euler angles).
Our objective is to find the solutions of the eigen-value problem:
=  EW. (3.52)
In the T-coordinate system the total wave function is expanded in terms of 
the core wave functions. Let J  and M  be a total angular momentum and its 
projection, Ix and ly be orbital angular momenta in the x  and y coordinates and 
I  be a spin of the core, then
^ J M  =  E  y )  { ® ® ® X.Jg) . (3.53)
The radial wave function, which depends on æ =  |x| and y — |y | is expanded 
in the hyperspherical harmonics, which are defined using hyperspherical variables
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p  and a :
p = \jx^  +  2/2;, a  = arctan . (3.54)
Variable p is invariant in respect of rotations in the coordinate space and 
permutations of particles.
The hyperspherical expansion of the radial three-body wave function is written 
as follows:
— P  ^ {p)4>k ^ (3.55)K
where Pn”^^’*“"'^'(cos2a) is the Jacobi polynomial and is the normalisation 
coefficient. K  is the hyper angular momentum quantum number K  = lx^ ly~ ^  2n 
{n =  0,1, 2 ,. . .) .
The following procedure is standard. The expansion (3.53) is substituted into 
equation (3.52) to obtain the coupled channels equation set (£  =  AT +  |) :
f  ( P  C { C -{■ 1) ,  ^  ^ ^   ^  ^  ^ ^2m  E j  Xj k {P) = ~  ^ ^ V jK,x k '{p)Xy k '{p )^
(3.56)
Here VyK,'y'K> [p) are the hyperradial m atrix elements integrated over hyper angular 
and spin variables:
V'^K,'i'K'[p) =  X^V-j(p, 125,1) |T7/c(n5, (7,1)). (3.57)i>j
The [VyK(^5,ô ,^ ^) are the so called hyperharmonic basis functions which contain 
all angular and spin dependence (l^s =  a , x, y) of the three-body system:
(fÎ5, I) =  4 ' "  (a) ( ([y,, ® y ,J t  ® ® . 0 ^ 4  , (3.58)
I '' 3 J J M
7 =  { k , l y ,L ,S ,  I J }
The three-body wave function has an exponentially decaying asymptotic be­
haviour for bound states:
x(p) e-''", « =  (3.59)
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It was shown by Merkuriev[Mer74] th a t this three-body asymptotic is correct 
for Borromean systems, where there is no two-body bound state for any pair. 
This is the advantage of the hyperspherical method.
3.5.2 In teractions and their m atrix  elem en ts  
Interactions in th e  th ree-b od y system
In this study we describe two-body and three-body system simultaneously, it 
means th a t solving the three-body problem we use the two-body interaction used 
to describe binary subsystems of the three-body problem.
C ore-neutron interaction  As core-neutron interaction we use deformed Woods- 
8axon potential and standard spherical symmetric spin-orbit term, defined in the 
section 3.1, Eq.(3.4).
N eu tron -N eu tron  in teraction  As the neutron-neutron interaction we can 
choose a variety of potentials available in the literature. The present calculations 
have been done with the use of a smooth local potential [Gog70], usually called 
G PT potential after the names of its originators. The general expression for this 
potential includes central Vc, spin-orbit tensor Vr and quadratic spin-orbit 
V l l  terms:
y(r) =  + I4(r)5'i2 +  VLgWL - S 4- (3.60)
S i2 =  ^(cTi • r)(cT2 • r) -  i(cTi • org),
Li2 — {(7i ’ cr2)L^  — -  {((T1 • L)(o’2 ' L) +  (cT2 • L)(cTi • L)} .
For the sake of simplicity each Vi{r), {i =  C,T^ L S ,L L )  was expressed as a sum
of gaussians:
Vi{r) =  5 ^1 4  exp(-r^/o;^). (3.61)
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This potential gives an acceptable description of nucleon-nucleon scattering 
data up to 300 MeV and reasonable properties for finite nuclei calculated in 
Hartree-Fock approximation.
In our actual calculations we used the simplified version of the G PT potential 
and neglected the quadratic spin-orbit term in the N  — N  interaction. The other 
option for neutron-neutron interactions which we used is the simple gaussian 
potential, nonzero only for central forces and g-waves, for example,
F cW  — -31(M eV) exp(—r^/(1.8(fm))^), (3.62)
which gives slightly better three-body binding energy convergence.
A n g u la r  p a r t  o f m a tr ix  e lem en ts
As in the two-body problem we have to calculate angular parts of the matrix 
elements for all interactions involved. Compared to the two-body case, here we 
have the additional neutron-neutron interaction. It is obvious th a t the neutron- 
core m atrix elements, which include deformed Woods-Saxon and spherical spin- 
orbit potentials, are easily calculated in the Y  Jacobi coordinate systems. For 
neutron-neutron interaction, which include central, spin-orbit and tensor terms 
the natural coordinate system is T  Jacobi set.
C o re -n e u tro n  in te ra c tio n  Here we use exactly the same method as in the 
two-body case, with the difference th a t the total orbital and spin angular mo­
menta are L =  Ix +  ly and S =  -f s^. This requires us to recalculate reduced 
m atrix elements (L '||C q ||T) and (5" ||C q ||S').
The coupling order in the Y  coordinate set is as follows
As the main steps of the formula evaluation have been demonstrated for the 
two-body case, only the final result for the reduced m atrix element is presented
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here:
{J'\\PQ{œs(f)\\J) = ( - 1)^-®+^ ^ ‘> S j , jô s 's \ iy L L 'i r j j 'U L  (3.63) 
f  j  Q
X I "0 0 o y v o o  0
The next step is to calculate the matrix elements of the spin-orbit interaction 
in the Y  coordinate set. Here again we have to use tensor reduction formula 
(5.12) from Ref.[Bri68], using the fact tha t spin-orbit operator does not act on 
the core states. After some manipulation
(J 'l lk  ■ S/IIJ) =  A T + Ï )  (3.64)
N e u tro n -n e u tro n  in te ra c t io n  Our neutron-neutron interaction includes cen­
tral, spin-orbit and tensor terms. The reduced matrix element for the spin-orbit 
part is as follows:
</|Hx S |I 4  =  (3.65)
X  +  1 )S , /S (S  + 1)
^   ^ I .j  ) I k  I'x ly  J
The m atrix elements of the tensor part of the neutron-neutron interaction are 
calculated using the formulae from Brink and Satchler [Bri68]. If we rewrite the 
5'i2 tensor in the form[Bri68]
'S'i2 =  T2(<ti, 0-2) • ^ ^ C 2 (f) , (3.66)
then using the standard tensor contraction formula, we obtain:
(J '|15 i2||7) =  (3.67)
 ^ [ V  L V  L
I s  S ' 7 / 1  L t
_ _ . . _ T 2 1 / C 2 Zr L'  L  2 1 r L'  I
IS" ? J L L f:X ly J \  0 0 0
X
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3.5 .3  T reatm ent o f th e  P auli principle
T w o -b o d y  case In the two-body case without core excitation the Pauli block­
ing is included automatically. It is assumed tha t the core neutrons occupy the 
potential defined by the core-neutron interaction. If we include core excitation, 
the energy states of the system contain admixtures with the core excited config­
urations. In the approach described here it is assumed th a t these low lying levels 
are filled with the neutrons of the core.
T h re e -b o d y  case In the three-body case the wave function of the system 
should be antisymmetrical (a) with respect to the perm utation of halo nucleons 
and (b) exchange of neutrons between core and halo.
The first requirement can be easily satisfied by imposing the following selec­
tion rule in the T  coordinate system;
Ix S  T  = odd,
where Ix is the relative angular momentum between the two neutrons, S  is their 
total spin and T  is the total isospin of two neutrons.
Secondly, the wave function should be antisymmetric with respect to the per­
m utation of a halo neutron and a core neutron. This part of the Pauli principle has 
been taken into account in an approximate way. Based on the Feshbach projec­
tion method, the detailed description of this approach can be found in [Nun95a]. 
Below there is a brief outline of the technique.
It is required tha t the three-body wave function of the system is orthogonal to 
the occupied core-hn states, which are the low-lying eigen-states of the deformed 
two-body Hamiltonian. Once these states are constructed, the projection oper­
ator on the forbidden states space can be defined. The forbidden states can be 
projected out of the allowed three-body space, according to standard Feshbach 
procedure [Fesh62, Sai69].
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F o rb id d en  s ta te  c o n s tru c tio n  Here we outline the procedure described in 
[Nun95a]. The three-body forbidden states are constructed using the two-body 
occupied states which are presented as a sum over all two-body channels 
identified by the quantum numbers {{ll, s l) j l ,  /J ; }:
=  u i i A < P q ( m i ,  4 ) f k ,  J ^ ) ,  ( S . e s )k
where U^{x) is the radial part of the two-body radial wavefunction in the Y  
coordinate system and is a core intrinsic wavefunction. To account for the
extra degree of freedom in the three-body case, a spline expansion with respect 
to extra coordinate y  was used with quantum numbers x5 (3/i)|(%, where
n  =  1 , . . . ,  Nspiines- Then the wavefunction of the three-body forbidden state can 
be written in the form:
=  E  u U A x i m q i i M l  4 ) i l  i P l  ( I I  4 ) &  JÏ), (3.69)kn
Xn{Vi) ^ spline function. The next step is to recouple the angular momenta 
in the {(L5) J , / ;  J 3} order used in the hyperspherical expansion of the three- 
body wave function and then expand the radial wavefunctions Ul{x)  and Xnivi) 
in terms of hyperspherical harmonics. Finally, as the three-body Schroedinger 
equation is being solved in T  coordinate set, one needs to rotate the three-body 
forbidden state from Y  to T  coordinate set, using the Raynal-Revai coefficients 
[Ray70). The final expression for the to tal three-body forbidden states is given 
in [Nun95a].
fo rb id d en  s ta te s  The formalism, outlined above is suitable for treatm ent 
of nuclei with closed shells. Therefore, in this thesis we make an approximation, 
assuming tha t ^^Be is a nucleus with closed p-shell, although recent experiment 
showed tha t this is not exactly the case (see Chapter 2 and Chapter 6). When ^^Be 
is inert, the following-Configurations are filled: l s i /2, lp i/2, lpa/2- If we include 
core excitation, instead of three filled states we have 11 filled states coupled with 
the ground and excited state of the core, see Fig. 3.13.
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[1p1/2,2+33/2- 
El p1/2,2+]5/2-
[1p1/2,2+]  ....------------------------------[1p3/2,2+31/2-
[1 p i / 2 ,0+31
[1p3/2,2+3  ........................
___________________  [1 p i / 2 ,0+31/2 -
---------------------------- [1p3/2,0+33/2-
El Sl/2,2+33/2+ 
El s1/2,2+35/2+
El 51/2,0+31/2+
E1s1/2,2+3
-26 MeV El 51/2,0+31/2+ -------------
Figure 3.13: Single particle states of the core ^^Be, Vis = —3 MeV. Left picture shows 
the level scheme without core excitation, whereas the right part shows the level scheme 
of the deformed ^^Be with /3=0.5.
In the previous sections we discussed the potential details for positive parity 
levels. Because of the lack of experimental information on ^^Be negative parity 
levels, we have chosen the parameters of the Woods-Saxon potential for the neg­
ative orbital momenta, so tha t all eleven occupied states are bound. Obviously, 
this limitation is too strong, because there are only 8 neutrons in the core nu­
cleus ^^Be. But up to now this is the only way we can treat the Pauli Principle. 
So in order to keep negative parity states bound we have chosen Woods-Saxon 
depth to be —54 MeV for all deformations. As will be shown later, the resultant 
three-body wave function contains a very small admixture of negative parity com­
ponents, and the three-body binding energy depends only slightly on the depth 
of negative parity potential.
The dependence of the single-particle levels on deformation is shown in Fig.3.14 
for illustration. It is seen th a t for large deformations the lowest negative parity 
states become more strongly bound than the lowest positive parity state, because 
of the strong odd parity potential.
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Figure 3.14: Deformation dependence of the single particle states of the core, calcu­
lated using the adjusted Woods-Saxon potential parameters and Vis ~  —3 MeV.
3.6 N um erical m ethod
To solve the three-body problem for ^^Be, the program EFADDY [ThoOO] was 
used. This program calculates the bound and continuum states of two nucleons 
outside an excitable core. In this subsection the most im portant numerical details 
are discussed.
Solv ing  h y p e rra d ia l co u p led  eq u a tio n s  The set of hyperradial coupled 
equations (3.56) was solved numerically by expanding the radial functions in 
terms of Daguerre polynomials. The hyperradial basis functions are constructed 
as follows:
Rn{p)  — Pq- 3 n!_(n +  5)!_ L U p/ po) exp(-/?/(2po)), (3.70)
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where po is a free parameter. These functions are orthonormal:
fOO
dpp^RnRn' = Snn'  ^ (3.71)
The integrals in the m atrix elements are calculated using Gauss-Laguerre 
quadrature. The calculations have been performed using 20 Daguerre polynomi­
als.
C onvergence  s tu d ie s  The convergence of the three-body energy with the 
number of hyperspherical harmonics is presented in Fig.3.15. As the conver­
gence of the three-body energy with the number of hyperspherical harmonics is 
very slow, it was suggested to use a Feshbach reduction method to reduce the 
computation time. Two curves are shown in this picture: the first curve is the 
full calculation, the second curve is the calculation with Feshbach reduction. The 
Feshbach reduction of the coupled-channels equation set reduces the number of 
explicit coupled equations by introducing an additional operator which takes into 
account the remaining channels [Tho99] (see Appendix A). This method gives a 
three-body energy very close to th a t obtained from the full calculation, but the 
computation time for calculation with Feshbach reduction is reduced drastically.
The calculation was performed for a number of hypersphericals K^ax = 26, 
reduced to a calculation with A  =  12 by Feshbach reduction.
3.7 R esults for
3.7.1 T he b inding energy o f ^^Be
The three-body energy of the ground state of ^^Be was calculated using the sets 
of two-body potentials obtained in the previous section (for ^^Be) for spin-orbit 
depths from —7 MeV to —1 MeV.
The Fig. 3.16 shows the 3-body binding energies calculated using the two- 
body potentials obtained in the section on ^^Be structure. It is seen from this
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Figure 3.15: Three-body ground state energy convergence with the maximum number 
of hyperspherical harmonics Kmax- The dashed curve with circles represents full cou­
pled channels calculations. The dotted curve with squares represents the calculations 
against K^ax, with the number of hyperspherical harmonics treated exactly reduced 
to 12.
picture th a t the energy of '^^Be for large positive deformations increases with 
the deformation. So we see tha t inclusion of core degrees of freedom adds more 
binding to the system and makes the Borromean system ^^Be possible.
Below we discuss the regions of core deformation and two-body potentials 
consistent with a simultaneous description of ^^Be and ^^Be. Because of large 
uncertainty in the binding energy obtained from two different experiments, an 
objective of this work is to obtain a binding energy of ^^Be of at least 1 MeV. 
The calculated 3-body energies, for different spin-orbit depths and deformations, 
are presented on Fig. 3.16 and Fig. 3.17. In Fig. 3.16 we fix the spin-orbit 
depth and change the deformation of the core. We see th a t the three-body
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Figure 3.16: Deformation dependence of the three-body binding energy, calculated 
using the adjusted Woods-Saxon potential parameters for a set of spin-orbit depths.
energy is not symmetric with respect to the zero deformation axis. For the 
large positive deformations, the coupling with the core excited state adds more 
binding to the system. For large negative deformations coupling reduces the 
three-body binding energy. For small deformations the behaviour of the 3-body 
energy is more complicated, which can be explained by the closeness of two 5/2+ 
resonances in ^^Be.
For a fixed deformation the three-body binding is stronger for smaller spin- 
orbit depth. This is connected to the fact tha t in order to obtain the 5/2+ state 
in ^^Be at 2 MeV we have to choose a weaker central potential in the case of 
strong spin-orbit potentials. For large deformations the spin-orbit dependence of 
the three-body energy is nearly linear.
As can be seen from Fig. 3.18 for negative deformations we have a small 
region of parameters where the binding energy of ^^Be is bigger than 1 MeV,
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Figure 3.17: The three-body binding energy as a function of spin-orbit potential 
depth for different values of deformation parameter, (a) corresponds to positive core 
deformation and (b) to negative core deformations.
whereas for positive deformations we have larger range of parameters P and Vig.
The next step is to compare these results with binding energies of the two- 
body subsystem ^^Be to see if we can describe ^^Be and ^^Be simultaneously. The 
area above the solid curve on Pig. 3.18 is the area where ^^Be is unbound. Prom 
this figure we see tha t for positive deformations the two areas overlap and we 
have a region of parameters where ^^Be and ^^Be are described simultaneously.
For negative deformations the three-body binding is not enough for the two 
areas to overlap and we cannot obtain a simultaneous description of ^^Be and 
^^Be, based on the >  1 MeV binding energy criterion.
3.7 .2  T he p roperties o f th e  th ree-b od y  wave function
We now discuss the structure of the obtained ground state of “^^Be. The properties 
of the ground state of the two-body subsystem play an im portant role in the 
structure of the three-body ground state wave function. As we assumed that 
our two-body system ^^Be has a 1/2*  ^ ground state, we expect th a t the three-
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Figure 3.18; The region of deformation parameter and spin-orbit depth which describes 
^^Be and ‘^^ Be simultaneously, (a) corresponds to positive deformations and (b) to 
negative deformations. The area above the solid curve on the left and below the solid 
curve on the right graph represents the area where the 1/2+ state in ^^Be is unbound. 
The area to the right from the dotted curve is the region where the binding energy of 
■^^ Be is bigger than 1 MeV.
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Figure 3.19: Probabilities of main components in the three-body wave function as 
a function of the core deformation, for the scenario with Vis =  —2.5 MeV, for fixed 
spin-orbit depth (a) and as a function of spin-orbit depth for fixed deformation (b).
body system ^^Be should have a large amount of s-wave in its ground state wave 
function.
To study the structure of the three-body state, we looked at the probabili­
ties of the main components of the three-body wave function in the jj-coupling 
scheme in Y  basis. In this coupling scheme the angular momenta couple in the 
following order;
\[{lx,Si)ju{ly,S2)j2]jJ; J):
where and si are the orbital momentum and spin associated with x  coordinate 
and ly and gg &re associated with y  coordinate in Y  coordinate set; I is the spin 
of the core.
We first study the deformation dependence of these probabilities for fixed 
spin-orbit depth and then we fix the deformation and study the change of the 
probabilities with spin-orbit potential. The results are shown in Fig. 3.19, where 
on the left graph the spin-orbit strength is fixed and is equal to —2.5 MeV, and 
on the right we fix the deformation to be /3=0.8.
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We see th a t the main component in the ground state wave function is (si/2)^® 
0+, 45% for (5 =  0.8 and Vis =  —2.5 MeV. The probability of this state quickly 
decreases with deformation, whereas the probability of core excited components 
increases with deformation, as the coupling with the excited core state is strong. 
The (^5/2)  ^ 0  0+ probability is small compared to (si/2)  ^ 0  0+ and is 8.5% for 
/? =  0.8 and Vis =  —2.5 MeV. This component is almost constant for large 
deformations and changes when \(3\ —)■ 0. The core excited components are very 
small for negative deformations, e.g. for j3 — —1.0 and Vis =  —2.5 MeV 70% 
of (51/2)^ 0  0+, 10% of (^5/2)^ 0  0+, 4% of ((^ 3/2)^ 0  0+ and the rest 16% is 
smeared over the many core excited components. For positive deformations the 
(si/2, (^ 5/2) 0  2+ and (si/25 0(5/2) 0  2+ probabilities increase with deformation and 
are 10% each for (3 = 0.8 and Vis — —2.5 MeV, while the other components are 
comparatively small.
(a i/2)^ 0  0+ (4/2)=^ 0  0+ (4 /2 )^  0  0+ (•51/2) 4 / 2) 0  2+ (^ 1 /2 ,4 /2 )0  2+ (4/2)=^ 0  2+
45.9% 8.5% 2.6% 10.0% 4.4% 3.2%
Table 3.4: Main components in the three-body wave function for 2.5 MeV
and ^=0.8.
The right graph on Fig. 3.19 shows the spin-orbit potential depth depen­
dence of the probabilities of the main components. We see tha t the (51/2)  ^0  0+ 
probability is almost constant with spin-orbit force, (0(5/2)^ 0  0+ increases with 
spin-orbit depth. Other components change slowly.
The deformation dependence of the sum of all probabilities for configurations 
with an excited core in the wave function is shown on Fig. 3.20 for 3 values of spin- 
orbit depth. It is seen tha t the probability of the core excited components increase 
with deformation and very quickly for positive deformations: the probability 
rises from 0 % for zero deformation to nearly 45% for =  1. For negative 
deformations the probability of excited core components rises only to 15%. Also, 
the probabilities do not change much with spin-orbit depth.
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Figure 3.20: Probability of excited core components in the three-body wave function 
as a function of deformation for three values of spin-orbit strength.
The halo in light nuclei is favoured if the ground state of the nucleus contains 
a large amount of s-wave. We assumed tha t the ground state in ^^Be is an s- 
state and we obtained the main component of the three-body wave function to 
be an 5-state. We also obtained tha t the ground state of ^^Be has large core 
deformation and contains a large admixture of core excited components (nearly 
40% for =  0.8 and =  -2.5M eV).
3.7 .3  T he root m ean square radius of ^^Be
The fact th a t the wave function contains a large admixture of s-wave, and the 
binding energy is comparatively small, suggests tha t the radius of such a system 
should be large. Using the wave functions obtained in the previous sub-section 
the rms radius of '^^Be was calculated.
In the hyperspherical harmonics method a simple formula connects the rms 
radius of the three-body system Rrms with the rms radius of the core Rcore and 
the rms radius of the three-body system of point particles [Zhu93] :
{■^core T  ‘^ ^ r m s  ^ c o re ^ c o re ~ ^  ^  P  i (3.72)
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Figure 3.21: Rrms radius of as a function of core deformation for fixed spin-orbit 
depth Vis =  —2.5 MeV (a) and the spin-orbit depth dependence of the Rrms for different 
values of deformation parameter (b).
where Acore is the mass of the core and < > is computed from the hyperradial
part of the calculated three-body wave function:
< / > =  E  r  (3 .73)
K L S I l J y
In Fig. 3.21 the deformation and spin-orbit dependence of the root mean 
square radius is shown. Rms radius of the core was taken Rcore — 2.57 fm [Tan88] 
for all deformations. We see tha t the deformation dependence of the radius follows 
the binding energy pattern. The right graph on this picture demonstrates the 
increase of Rrms with spin-orbit depth as the 3-body binding decreases with spin- 
orbit depth.
Because of the simultaneous dependence of the rms radius on binding energy 
and the amount of 5-wave in the g.s. wave function, a long range three-body 
force was added to fix the binding energy of "^^ Be at —1 MeV in order to study 
the dependence of the radius on the three-body structure of the wave function. 
The calculated Rrms and the corresponding probabilities of the main components
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Figure 3.22: Rrms as a function of deformation for Vis =  —4 MeV (a) and corresponding 
structure of three-body wave function (b). Here the three-body potential was added 
to maintain the binding energy of '^^ Be at —1 MeV.
of the wave function are shown on Fig. 3.22 for spin orbit depth —4.0 MeV. 
We see tha t the radius in this case follows the deformation dependence of the 
(si/2)  ^0  0+ probability, apart for the deformation region of 0.8 — 1.0, where the 
other components of the three-body wave function influence the behaviour of the 
radius.
C o m p ariso n  w ith  e x p e r im e n ta l d a ta  By comparing the calculated three- 
body and two-body binding energies, we see tha t only for large positive core 
deformations and small spin-orbit depths can we reproduce the level schemes in 
both nuclei. For negative values of deformation parameter we can obtain unbound 
^^Be, but there is not enough binding in the resultant three-body system ^^Be.
3.8 Conclusions
In this chapter we obtained the area of model parameters which describe correctly 
experimental data on ^^Be and ^^Be: the Borromean property of the ^^Be system.
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the position of the 5/2+ resonance in ^^Be, the large core deformation of ^^Be, 
binding energy of ^^Be.
We assumed that ^^Be is represented by the three-cluster system: core-\-n-\‘n. 
For simplicity we used a particle-rotor model for ^^Be, assuming th a t the 0+ and 
2+ states in ^^Be form the part of a iiT =  0 rotational band and there are no 
other relevant low-lying excited states in the core. To calculate the positions of 
the 5/2+ resonances and the energies of the bound and virtual 1/2+ states in 
^^Be, we used the R-matrix method on a Lagrange mesh, which allows accurate 
results for small basis sizes.
The three-body problem was formulated in the hyperspherical expansion method, 
which is widely used in nuclear physics, especially in the physics of light halo nu­
clei. The treatm ent of Pauli Principle was systematically performed, assuming 
tha t the core is a closed p-shell nucleus, and projecting the forbidden states out 
of the space of allowed three-body solutions.
Assuming standard Woods-Saxon geometry parameters, we found tha t for 
strong positive quadrupole core deformation (3 > 0.8, we can fit strengths of the 
Woods-Saxon and spin-orbit potentials so th a t ^^Be is unbound and ^^Be has 
a binding energy of more than 1 MeV. To achieve this we had to choose quite 
weak spin-orbit potential strengths, less than 3 MeV, and comparatively shallow 
Woods-Saxon potentials. The calculated three-body wave function has s-waves 
as its main component (45%), which reflects the halo properties of this nucleus. 
The to tal amount of core excited component for the case of /3 =  0.8 and Vis 
~  —2.5 MeV is approximately 35%. The calculated rms m atter radius will be 
further discussed in the next chapter.
The main conclusion of this chapter is tha t in the framework of the model 
used, with all its advantages and disadvantages, we managed to  describe ^^Be 
and ^^Be, in contrast with other theoretical attem pts to describe simultaneously 
these two nuclei. The three-body wave function was calculated and we are ready 
now to use it in calculating the reaction observables, which will be the topic of
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the next two chapters.
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Chapter 4 
Probing the three-body wave 
function: calculation o f the  
reaction cross section
To probe the three-body wave functions of '^^Be we have obtained, we can use 
them in calculations of different reaction observables. In this chapter we will use 
the three-body wave function to calculate the reaction cross section in a few-body 
Glauber model.
The eikonal approximation was applied to the reactions in nuclear physics by 
Glauber [Gla59]. The eikonal method is accurate when the wavelength of the 
incident particle is short compared to the range of the interaction a:
k a '>  I (4.1)
The second requirement of the eikonal approximation is a high scattering energy 
compared to the strength of the interaction:
IVI (4.2)
The fulfilment of these two conditions leads, in a good approximation, to a 
straight line trajectory of the projectile in the region of the interaction with the
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target (eikonal approximation) and allows one to simplify the formalism and ob­
tain physically transparent and accurate expressions for the scattering amplitude 
and cross sections.
If one wants to apply Glauber model to the scattering of a few-body projectile, 
one needs to make a further approximation. In the few-body Glauber model it 
is assumed tha t the internal motion of the constituents of the projectile is slow 
relative to their centre of mass motion. This is called adiabatic approximation.
In order to calculate reaction observables in the few-body Glauber model, one 
needs to provide the following physical ingredients [Alk95];
1. S-matrices for the elastic scattering of the projectile constituents from the 
target
2. a realistic three-body wave-functions of the projectile.
The core and nucleons in this model interact with the target through absorp­
tive S-matrices consistent with measured observables for each two-body system. 
The state of the core is assumed not to be changed dynamically in the reaction.
The three-body wave functions for '^^Be were obtained in the previous chapter 
for different sets of model parameters. In this chapter we extend the formalism of 
the four-body (^^Be+target) problem, presented in [Alk95], to the case of three- 
body wave functions with core degrees of freedom. Although core excitation is 
included in the '^^Be (g.s.), the core-target and neutron-target elastic scattering 
matrices are calculated by assuming spherically symmetric effective potentials for 
the neutron-target and core target interactions.
This neglect of dynamical core excitation is appropriate for the high scattering 
energies we consider here.
We consider scattering from a light (^^C) target and so Coulomb effects can 
also be neglected.
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In the reaction theory the total reaction cross section is defined as a difference 
between the total cross section of all processes which can happen in the collision 
and the elastic cross section.
— O'tot — O'el- (4.3)
The elastic cross section is given by integrating the square modulus of the 
elastic amplitude over all directions:
aei =  J  df7|/o(q)P, (4.4)
where q  is the momenta transfer.
The to tal reaction cross section is obtained from the elastic scattering ampli­
tude for forward scattering using the optical theorem
47TcTtot =  y I m /o ( q  =  0). (4.5)
Thus, to calculate reaction cross section we need to know only the elastic 
scattering amplitude.
In the next subsection we will present the main steps of evaluation of the 
scattering amplitude in the few-body Glauber model [Alk95].
4.1 Four-body Glauber m odel
We start with the four-body Schrodinger equation for the scattering of a three- 
body projectile on the target. The coordinates of the four-body system (target 
+  projectile) are shown in Fig.4.1. % ( R ,  r i 2, r( i2)c) is the wave function for 
three-body projectile scattering on a spherical target. The Schrodinger equation 
reads
(Tr 4- Hp{vi2,^(i2)c) +  ^ ‘(K, ri2, r(i2)c) — •£')^k(Rj i*i2) i'(i2)c) =  0, (4.6)
where Tr is the kinetic energy operator of the projectile center of mass, H e  is 
the projectile internal Hamiltonian, K  is the incident projectile center of mass
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Figure 4.1: Coordinates of the four-body projectile-f target system.
wave number. The beam is assumed to be in the %-direction. T^(R, r i2, r(i2)c) is 
the projectile - target interaction potential, which is the sum of assumed central 
two-body core-target V c t  and neutron-target Vit  and V2T interactions. These 
are approximated by optical potentials, and
y ( R ,  r i2 , r ( i2 )c )  =  h c r ( R ;  i'i2) r ( i2 )c )  +  F 1t ( R ,  ^12, r ( i2 )c )  +  ^ 2 r ( R j  i ’i 25 r ( i2 )c )-
(4.7)
The wave functions of the three-body projectile ground state To’(r i2, r(i2)c) 
are the solutions of the equation
Hp(r i 2 , r(i2) c ) ^ r ( f i2, r(i2)c) — (r i2, i'(i2)c')- (4.8)
It is assumed th a t the internal motion of the constituents of the projectile are
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slow compared to the motion of the projectile center of mass. Then the internal 
Hamiltonian of the projectile can be replaced by a constant, the binding energy 
of the projectile. This choice ensures th a t the resulting approximate few-body 
equation satisfies the correct incident wave boundary conditions and tha t the 
elastic channel component in the outgoing waves has the correct energy. For 
high scattering energies E  % 800 MeV/A this constant can be neglected. This 
adiabatic approximation reduces the four-body problem to the effective two-body 
problem since the Schrodinger equation then has only parametric dependence on 
the internal degrees of freedom.
As the potential varies slowly compared to the wavelength of the projectile, 
one can extract the (dominantly) plane wave motion of the projectile center of 
mass from the wave function
^ k ( R ,  r i2 ,  r ( i2 )c )  =  e * ^ '^ w (R , r i2 , r ( i 2 ) c ) ^ ^  ( R ,  r i2 ,  r ( i2 )c ) ,  (4 .9)
where w(R, r i2, r(i2)c) is a slowly varying modulating function. After substituting 
this factorisation into the Schrodinger equation (4.6), one gets one-dimensional 
equation for the modulating function (having neglected terms involving V^w):
^  - ^ ^ ( R - > r i 2.r ( i2)c )w (R ,ri2,r ( i2)c), (4.10)
where Rz is the component of the center of mass vector along the incident di­
rection K , is the reduced mass of projectile-ftarget system. The solution of 
equation (4.10) is
w(R, r i2,r ( i2)c) =  exp F (R ', r i2, r(i2)c)c^Ri|. (4.11)
The integral in the exponent in (4.11) is twice the phase shift accumulated 
along the trajectory up to the point Rz. The scattering boundary conditions 
required of mean th a t modulating function has the following boundary con­
ditions:
^(R ) ^12; l'(12)c) I Az=—oo — 1; (4.12)
{ iUj r+oo 'j~ W k  J - oo ri2 ,r(i2)c)d^zj.
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The Glauber transition amplitude for elastic scattering in the post form is there­
fore given by
T (K ,K ')  =  (^/5’e * '-^ |y (R ,r i2 ,r ( i2 )c ) |e ® '‘c^(R,ri2,r(i2)c)'I'S’>, (4.13)
and the scattering amplitude can be written
/o(q) =  (4.14)
where q  =  K  — K  is the momentum transfer. The bra-ket notation in this 
formula implies integration over the internal coordinates of the projectile r i 2 and 
i*(i2)c- We proceed by assuming th a t the scattering angle is small, so one can 
write
q R  % q  b, q  %_L z, (4.15)
where b  is the vector produced by the projection of R  onto the plane, perpen­
dicular to the incident K  (see Fig.4.1), the modulus of this vector is called the 
impact parameter. This is consistent with the eikonal approximation, tha t the 
projectile follows the straight line path. Combining this with the adiabatic ap­
proximations, we assume that the projectile constituents travel with the fixed 
impact parameters along straight line trajectories.
Then in the cylindrical polar coordinates (dR  =  dhdRz)  the scattering am­
plitude has a form
9 TC C f OO/o(q) =  dR,{^^\Vu\<ÿ^) .  (4.16)
The integration over Rz can be carried out, using the equation (4.10) and the 
boundary conditions on function w, which leads to
where
/o(q) =  j  dhe^^-^{^^\exp {ixo) -  1 |# ^ ), (4.17)
% o (b ,r^ ,r^ 2)c) =  J_^dRzV{'R,ri2,T(^i2)c) (4.18)
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and r 2^ a,nd r ^ 2)c the projections of projectile internal coordinates to the 
plane perpendicular to the incident beam.
Since the Glauber phases are linear in the potential the phase shift for a 
composite particle is simply the sum of tha t for its constituents, each at its 
respective impact parameter:
Xo(b, r ^ ,  r^2)c) =  Xc(6c) +  X;^(6i) +  X # ^ ) .  (4.19)
Finally, one can write, using S-matrix notation,
? r/o(q) =  - ^  y  dbe-'’ ’’(VI>J’|5  -  1 | 0  (4.20)
where the S-matrix S  is defined as
s  =  Sc{hc)SN(h)SN{b-i) = e4’<o(''c)+XK(6i)+Xiv(62)), (4.21)
We can see tha t in the four-body Glauber model, the physical inputs are the 
the three-body wave functions of the projectile and the core-tar get and valence 
nucleon-target elastic eikonal S-matrices.
The optical potentials for the neutron and core-target interactions are calcu­
lated in a ‘tpp’ single scattering approximation [Hus91]. In this approximation the 
nucleus-nucleus optical potential is calculated using target and incident nucleus 
ground state densities and the isospin average of the transition m atrix element for 
nucleon-nucleon scattering in the forward direction tw v(q =  0)- This is assumed 
to be of zero range. So, for the core-target scattering the optical potential is
V cdR cl) =  J tv v (q  =  0)pc(|r '|)pT (|R c -  r '|)d r ', (4.22)
Tiv^ w (q  =  0) =  o’iViv(^  +  cr)j
where R c  is the distance between the center of mass of the nuclei, pc and pr  
are core and target nucleon m atter densities, cjjvjv is free nucleon-nucleon cross 
section, parameterised in [Cha90]. a  is the ratio of the real and imaginary parts 
of forward scattering nucleon-nucleon amplitude and can be interpolated from 
the known parameters a  at E  >100 MeV [Ray79].
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4.2 R eaction  cross section  in the four-body Glauber 
m odel
Using the elastic scattering amplitude, obtained in the previous subsection, one 
gets the following expression for the reaction cross section:
fOOaR =  2t v  bdb[l — |S''^(6)|^], (4.23)
where
j  d^^ti2)c(''^\^i2,^iu)c)So(bo)SN{bi)SN(b2). (4.24)
where &i, 62 and be are the impact parameters for two neutrons and core, re­
spectively. The r 2^ and r ^ 2)c are the components of the vectors r i 2 and r(i2)c 
in the plane normal to the incident beam direction (see Fig.4.1). The function 
(^(12)C) ^(Î2)c) ia the above expression is the projectile few-body probability 
density integrated over the z components of the internal projectile coordinates 
r i2 and r(i2)c and summed over spin variables, i.e.
=  /  dzi2 J  dz(^i2)c{\^o i^i2,^{i2)c)\'^)spin^ (4.25)
Final expressions for this quantity for a three-body wave function without 
core excited components was given in Ref. [Alk95] in Eqs.(28)-(31). Here we 
derive a formula for the case of the 0"^  ground state three-body wave function 
when including excited core degrees of freedom.
The projectile three-body wave function in the L S  coupling order is
l y l ^ L S j l   ^ ^ J
(4.26)
where Ix and ly are orbital angular momenta associated with vectors r i2 and r(i2)c 
and L =  U +  ly. Spins of both neutrons add to the total spin S =  Si -I- S2 and
j =  L -1- S. I is the core angular momenta and j  +  I =  0.
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The fact the the ground state of ^^Be is a 0+ state allows us to simplify the 
formalism, in particular j  =  / ,  and so cj)R — > <jp. The evaluation of the algebra 
in this formula is presented in appendix B. Here we give the final expression:
d 'I 'o (ri2,r ( l2)c)|^>spm =  I ]  (4.27)
X  { k 0 l ' , 0 \ a O ) { l y 0 l ' ^ 0 \ a 0 ) W { l y Ç J U  a L )  ^  < t ^ u , L s 4 j ' L S ,
js
where P a  (cos 7 )  is the Legendre polynomial. 7  is the angle between vectors 
and l^^which, written in terms of cylindrical polar coordinates, is
where (f) \ 2  and <^{\2)c are the azimuthal angles associated with vectors r %2 and 1^12)0 
in the cylindrical polar coordinates.
4.2.1 N um erical details
An existing code ‘SIGR’[Alk96] was modified to include the core degrees of 
freedom. The integrals in the formalism were calculated using Gauss quadra­
ture approximation. The integration over impact parameters b was done up to 
30 fm, using 30 quadrature points. The %-components were integrated up to 
30 fm, using 90 quadrature points. Three-body wave functions were used with 
=  r ^ 2 )c —30 fm. The modified code was checked to reproduce earlier results 
obtained without core excited degrees of freedom for which j  = I  =  0, L = S.
4.3  R esults for
In this section we apply the formalism to calculate the reaction cross section 
for “^^Be +  at 850 MeV/A. The choice of target and energy is dictated by 
available experimental data.
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The experimental reaction cross section for ‘^^ Be with energy 850 MeV/A on 
a carbon target, was obtained in the work [Suz99] and is 1082 ±  34 mb. An 
earlier experiment[Tan88], measuring reaction cross section of ^^Be +  at 800 
MeV/A, obtained f7ij=1109±69 mb with large experimental errors.
We used the three-body wave functions calculated in the previous chapter. 
We took the set of three-body wave functions for the fixed neutron-core spin- 
orbit depth Vis — —2.5 MeV and different core deformations jd G [—1; 1]. The 
binding energies of ^^Be for this set are presented in Fig. 3.16 and the structure 
of the ground state is presented in Fig. 3.19.
We note once again, th a t we assumed the deformed core only in three-body 
wave-functions, the scattering S-matrices for the core-target and neutron-target 
systems were calculated assuming spherically symmetrical neutron-target and 
core-target interaction.
To calculate core-target and neutron target S-matrices we assumed Gaussian 
m atter distributions for the core ^^Be and the target with rms m atter radius 2.57 
fm [Tan88] for the core and 2.32 fm [Tan88] for the target The effective N N  
interaction we assumed to be zero-range. For energies higher than 800 MeV per 
nucleon, we assumed a  to be zero, thus the forward scattering NN amplitude is 
entirely absorptive. This leads to real S-matrices for neutron-target and core­
target scattering. The S-matrices for n and ^^Be 4- elastic scattering 
at 850 MeV/A are presented in Fig. 4.2.
The calculated reaction cross section œr is presented in Fig.4.3 as a function 
of core deformation. We see tha t gr follows the behaviour of the radius.
For all negative values of core deformation and small values of positive de­
formation (/? <0.5), the calculated reaction cross section is outside the 1 sigma 
error on aR. We recall, th a t in this region of deformations, ^^Be is underbound. 
For large positive deformations (/? >0) the calculated cross section is within the 
modest limits of experimental accuracy. Unfortunately, the large experimen­
tal uncertainty for cjj^(^^Be) does not currently allow us to distinguish further
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Figure 4.2: Elastic scattering S-matrices for (a) n 4-^^C and (b) ^^Be +
between the models using this observable. But, for the case of ^^Li-f^^C and 
^He-b^^C at 800 MeV/A the reaction cross section is obtained with much better 
accuracy: aR{^^Li) = 1060 ±  10 mb and (Jij(®He) =  722 ±  5 mb [Kob89].
In Chapter 3 we calculated the rms radius of ^^Be from three-body wave 
functions, using formula (3.72). In Fig. 4.4 we plot the reaction cross section as a 
function of the radius calculated with the three-body wave function for /? G [—1; 1] 
and Vis = —2.5MeV. As we expected, œr has a linear dependence on the rms 
radius. In this Figure, 5 first circes from the left to the right correspond to the 
three-body models of ^^Be with core deformation (3 = {1,0.9,0.8,0.7,0.6}. We 
see, th a t the corresponding rms radius is in the limits of approximately 3 .02—3.1 
fm.
We conclude, tha t for large positive deformations, the reaction cross section 
calculated using the three-body wave functions of ^^Be is in agreement with the 
experimental data. There is sensitivity in gr to core deformation (3 and structure 
of the wave functions, but more accurate data is needed!
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Figure 4.4: aR versus the rms radius of '^^ Be
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C hapter 5 
O ne-neutron knockout reactions 
w ith  halo nuclei
In this chapter we will continue probing the three-body wave function of 
obtained in Chapter 3, and use it in one-neutron knock out reaction calculations.
We will use a four-body Glauber model to calculate the integrated cross sec­
tions for one neutron removal from the Borromean nuclei ®He, ^^Li and ^^Be. For 
the case of ^^Be we will include the core excited degrees of freedom. Relative 
energy spectra of the ^He, ^°Li and ^^Be unbound residues following neutron re­
moval from the Borromean nuclei ®He, ^^Li and ^^Be have recently been obtained 
experimentally [SimOl]. In order to be able to calculate relative energy spectra, 
we impose one more approximation to the model - we assume th a t the projectile 
residue following one neutron removal acts only as a spectator to the reaction.
5.1 Physics o f the single particle knockout re­
actions
In this work we are interested in the breakup of two-neutron Borromean halo nu­
clei. Generally speaking, numerous processes can happen when the two-neutron
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Figure 5.1: Schematic picture of the mechanisms of two-neutron halo nuclei breakup: 
diffraction and stripping.
halo nucleus collides with the target. Below we will concentrate on light nuclear 
targets, so our attention is on the mechanisms induced by the nuclear part of 
interaction.
The single-nucleon knockout reaction is a process where one nucleon is re­
moved from the projectile nucleus by the target. Experimentally this process is 
identified by detection of the projectile residue (core+neutron) with the velocity 
close to tha t of the incident beam, and so having assumed to have undergone a 
peripheral collision with the target.
The target is chosen to be light and absorptive, for example ^Be and are 
usually used. The fact tha t the target is light allows us to neglect the electro­
magnetic dissociation. The reaction in this case is peripheral and the projectile 
wave function is probed in the external region.
There are two nuclear mechanisms of nucleon-target interactions, contributing 
to one neutron knockout cross sections (see Fig. 5.1):
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1. elastic breakup of the projectile, where the nucleon(s) is diffracted by the 
target. This process is often called diffraction dissociation because of its 
analogy to Fraunhofer diffractive scattering of light on a black sphere. In 
this process target remains in its ground state.
2 . stripping^ which includes all processes, apart from elastic breakup, in which 
nucleon excites the target and is absorbed.
These two processes can be distinguished experimentally by neutron multiplic­
ity, core angular distributions or the cross section as a function of core momentum 
perpendicular to the incident momentum of the projectile.
It was shown experimentally th a t the stripping processes are dominant for 
one-neutron removal from the Borromean projectiles ®He [Aum99], ^^Li [Zin97] 
and “^^Be [SimOl].
5.2 Theory of one-neutron removal reactions
The breakup of the projectile P  on target T  can be represented as
P { = B  + x ) + T  ^  B +  Y .  i^  + T) ,  (5.1)
all states
where P  is the projectile B  is the composite core C P n  and x is the removed 
particle.
Assuming B to be a spectator to the reaction, the quantum mechanical ex­
pression for the stripping cross section can be written[Hus85]
fj‘^(jStr 2
(5.2)
PtM  = (Xb’(rB)|$p(rfl -  rx)xp’(ri.,r )^)
where p {Eb ) = (j,BkB/{S7r^h^) is the asymptotic phase space density for B.  
^p(^B  — l’a:) is the wave function of the internal structure of the projectile, 
and are wave functions for the scattering of P  and B  from the target. W^t  is
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the imaginary part of the optical potential for particle x  scattering on the target. 
The notation ( | ) implies integration only over the coordinates of the residue B.
5.2.1 In tegrated  on e-neutron  knockout cross sections
The integrated cross sections for one-neutron removal from the projectile can 
be obtained from the formula (5.2) [Hus85], by integrating over the final state 
momentum of residue B.  Also we can obtain one-neutron knockout cross sections 
employing the four-body Glauber model, described in the previous chapter.
The integrated cross section for one-neutron stripping has the following ex­
pression in the Glauber model [Hus85, Tos99]:
a[str) = 2 j ||5 c (6c )P |5 „ ( 6i ) r [ l - | S ' „ ( 62) P ] p ' r ) .  (5.3)
where h is the impact parameter of the projectile centre of mass, Sc[bc)  is the 
elastic scattering m atrix of the core C at impact parameter be- *S'tv(6i) and S'jv(62) 
are scattering matrices for neutrons at impact parameter bi and 62 respectively. 
Core-target and n-target S-matrices were discussed in the previous chapter. 
is the ground state wave function of the projectile.
The interpretation of this formula is simple. By definition, the square modulus 
of a scattering m atrix |B(6) p determines the probability tha t the particle with the 
impact parameter b will survive the collision and stay in the elastic channel. The 
quantity 1 — |5'(6)p gives probability tha t the particle leaves the elastic channel 
and is absorbed. In the above formula for the stripping process the cross section 
contains the probability th a t the core and one of the neutrons stay in the elastic 
channel, whereas the second neutron is absorbed.
As we have a three-body projectile with two valence neutrons, the cross section 
is multiplied by two in the above formula for stripping.
The fact tha t such projectiles as ®He, ^^Li and ^^Be have only one bound 
state allows one to obtain a simple formula for the diffraction dissociation cross
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section. The Glauber expression for the diffraction dissociation cross section is 
= [  dk  [  d h J 2  (5.4)
J ' M ’
where k  is the B-neutron relative momentum. W  is the continuum wave
function of the three-body projectile with quantum numbers J 'M'.
As the projectile has only one bound state, one can make use of the complete­
ness or closure relation
Z  / =  1 (5.5)
J'M>
Then, the diffraction dissociation cross section can be rewritten as:
a{diff) =  J d h { { ^ ^ \ \ S \ ^ \ ^ ^ )  -  K'^J’I S I O P } ,  (5.6)
where
B =  BAr(6i)Bj^(62)Bc(6c). (5.7)
We reiterate here tha t the formulae for stripping (5.3) and diffraction (5.6) pro­
cesses were obtained assuming th a t the relative positions of the projectile con­
stituents are frozen during the collision time (adiabatic approximation) and the 
projectile constituents follow the straight line path through the region of interac­
tion with the target (eikonal approximation). Also we assume, th a t the core C  is 
not explicitly dynamically excited in the reaction. The S-matrices for the core C  
and neutron elastic scattering were calculated assuming a spherically symmetrical 
optical potential.
5.2.2 R elative energy d istrib ution s o f on e-neutron  strip ­
ping cross sections
To be able to calculate the relative energy distributions of C -f- n  in B following 
one-neutron knockout we will now assume that the projectile residue B is a 
spectator to the reaction. This implies th a t the wave function of the projectile
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Figure 5.2: One-neutron stripping in the spectator model
C +  n +  n  contains ‘preformed’ components of the C + n  system whose amplitudes 
are not changed by the reaction mechanism.
To illustrate this, we recall the formula (5.2). If we have a three body projectile 
P  = (C + n )+ a ; the pj"(r^) in (5.2) will contain the overlap between the projectile 
ground state wave function and the final state two-body wave function of the 
residue B.
One-neutron stripping from a three-body projectile is illustrated in Fig. 5.2. 
The angular momentum of the removed neutron is jy and th a t of the core B 
is Jx (Jx =  I  +  jx); so tha t the total angular momentum of the projectile is 
J  =  Jx +  j y  For '^^Be, J  — 0 , and therefore Jx = jy.
The two-body system wave functions are the continuum functions and cannot 
be used in calculations. To overcome this problem, we divide the two-body 
relative energy continuum E c-n  for each Jx into a set of continuum bins and 
construct a representative bin wave function for each energy bin. For each of the 
bins we construct the overlap between the bin wave function and the three-body 
wave function as giving the formfactor of wave function of the removed nucleon.
We label the bin final state of B  by {a, J^}, where a  labels the particular bin 
in each Jx continuum. The cross section for one neutron stripping which leaves
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B  with the angular momentum and the relative energy in the bin a  is given 
by the formula:
u{str,a)  =  2 • I -  |S';vP)|5 B n ^ i ' ( r 2(iG))>, (5.8)
where is an overlap
^ '(r2 (i(7 )) =  ($ % ,( r ic ,a ) |^ r ( r ic ,r 2(ic))), (5.9)
where is ground state wave function of the projectile with total angular mo­
mentum O'^ . $%.(ric", a ) is the bin function of the B  final state. The overlap is 
a function only of the separation between the removed neutron and B  centre of 
mass. The bra-ket notation implies the integration over the internal coordinate 
of B  and summation over the quantum numbers of B.  The details of overlap 
evaluation will be presented below.
Since the spectator core for the Borromean projectile is an unbound two-body 
system, the elastic scattering m atrix for B  was obtained from the scattering S- 
matrices of the constituents (C and n):
5 b (6) =  (5,10)
where 0 ^  is the relative motion wave function of B  (bin wave function). is the
S-matrix for n-target elastic scattering and Sc{h) is the 5-m atrix for the core­
target elastic scattering, calculated using the method of the previous chapter. 
Below we will present details of bin function and overlap construction.
5.2.3 C ontinuum  d iscretisation
The continuum discretisation method [Kam86, Aus87] is used to construct the 
continuum states of the two-body residue, the C-\-n configurations, with quantum 
numbers lx,jx: where jx =  1% +  Sz and Jx =  jx +  I  The k continuum for each 
Jx is truncated at some maximum wave number Umax and then divided into a 
set of intervals or bins of width A/c^ =  — ka-i], which is labelled by a set of
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Figure 5.3: Schematic representation of the discretised continuum for specific spin- 
parity excitation.
quantum numbers 7  =  (a, Jx, lx,jx^ az, J). The number of bins, their boundaries 
ka, widths Aka  can be chosen according to the properties of the continuum for 
each Jx and to ensure the convergence of the calculations. In our case kmax is 
imposed naturally by the vanishing of the overlaps between the projectile g.s. 
wave function and the bin state of the residue B  for certain Jx, with increasing 
k.
Since we include the core C  degrees of freedom in the structure model, the 
continuum wave functions of B  are solutions of a coupled channels problem. A 
representative square integrable coupled channels bin wave function
®  X salj, ^  (5 .11)
is constructed for each of these relative energy bins as a superposition of the 
coupled scattering states, eigenstates of the Hamiltonian of B, denoted
(A;, r ic )  =  [M . (ric) ® 0  r ic ) / r ic .  (5.12)
Then the radial components of the bin functions are given by
j 2
^ ? ( r i c )  =  ^  fa{k) ( / ) j (k, r ic)dk,  (5 .13)
where N j  is a normalisation constant:
=  t  \Mk)\^dk,  
1
and f j {k )  is a weight function. The bin functions are by construction normalised 
to unity:
{uj\uji) — (5.14)
The choice of the weight function depends on the specific features of the 
continuum. For a non-resonant continuum, usually the weight function is taken 
equal to unity.
In this work we define the asymptotics of the scattering wave function so that, 
^7 I  [H ,:(fcric)5,y -  S^^^H+(knc)] , (5.15)
where 7 ' is the channel with the incoming wave, H ^ (kr ic )  = Gi^ (kric):^iFi^ (kvic) 
are the outgoing and ingoing Coulomb functions, in the most general case.
The chosen asymptotics defines the scattering functions to be complex. But, 
for a real two-body interaction, the scattering functions can be made real by 
using the K matrix. Let us write the scattering wave function, with asymptotics 
(5.15), in a m atrix form and denote it by ^ 5 . If we multiply it by the matrix 
(1 — iK)  to the right
(!>k  = ^5(1 -  ^K), (5.16)
the resulting wave function m atrix will be real. The m atrix K  is defined by
K  =  g- (5.17)
where S is the multichannel elastic scattering matrix.
C onvergence  d e ta ils  In this thesis we use continuum bin wave functions (1) 
in the overlaps with the projectile g.s. wave function and (2) to calculate the 
S-matrix of B  according to formula (5.10). Since the the overlap functions decay 
rapidly, even for the high relative energies, because of the exponential decay of the
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three-body wave function, the convergence properties of the bin function norm 
with maximum value of r ic  is not very important. To calculate the S-matrix for 
elastic scattering of B  from the target we normally used a single bin function 
with a large width, which converges quickly with the distance ric.
When used in a coupled channels breakup context, in such methods as CDCC, 
where the continuum bins enter directly in the calculation of channel couplings, 
a careful study of convergence should be carried out.
5.2 .4  O verlaps
The overlap between the ground state of the projectile with total angular mo­
mentum J  = 0 and the final bin state of its unbound subsystem B with total 
angular momentum J^, following one neutron removal, is an integral
Fa{r2{ic)) = (<l»?^(ric',ü;)|^^^^(ric,r2(ic))>. (5.18)
Here the bra-ket notation implies the integration over the internal coordinates of 
the two-body subsystem, r i c  and summation over quantum numbers of B lx,jxj I. 
In this subsection we will briefly demonstrate the formalism for evaluation of the 
overlap [Tho95].
The bin wave function of the composite core B is given by the following 
expression;
^% ,(ric ,a ) =  ^  (5.19)^xjxl
The coordinates and angular momenta are illustrated in Fig. 5.2.
The three-body function was calculated in the previous chapter in the T  basis 
and in hyperspherical coordinates (p,0). To calculate the overlaps between two- 
body and three-body functions it is natural to present the three-body functions 
in the Y  coordinate basis and in Jacobi coordinates r ic  and rg(ic)
E  ■ > P t ^ J i ^ i c , r 2 ( i c ) ) \ { k , l y ) L , { s u S 2 ) S - J I - , J ) ,  (5.20)
I x l y L S I
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i>thf(ric,r2(ic)) = T,xWJy{p)v>K‘’WPK
9 . + 1 9 X /) Ac r ic
where and l y  are orbital angular momenta associated with r ic  and r 2(ic) respec­
tively. The angular momenta in the three-body wave function must be recoupled 
according to the coupling order in the two-body system: |(^ a;, Si)jx, I; Jx)■
\ { { { l x , l y ) , L { s i S 2 ) S ) j , I ) J )   \ { { l x , S i ) j x , I ) J x ] { l y , S 2 ) j y ; J )
The final expression of the three-body wave-function after recoupling the an­
gular momenta is
< 1 : " ' ( n c , î - 2(ic)) =  (5.22)
jLS
X j J x L S j x J y l  S i  S2  s \ w { I j x J j y ' , J x j ) -
I  j x  j y  j  J
The overlap is calculated by integrating the three-body and two-body wave 
functions over the two-body coordinate ric- The overlap is a function of the 
separation between the two-body centre of mass and valence neutron r 2(ic)‘
/  A/-I \  ___ r
[t2{ic)) =  ( y — E  /  ’■%c d ric ^ '“^'^''“'(ric)</>t*ÿ"'(nc,î-2(io)),
(5.23)
where the factor  ^ takes care of the normalisation of the three-body wave
function in Jacobi coordinates.
The norm of the overlap function defines the spectroscopic factor, which deter­
mines the probability with which each two-body component enters the three-body 
wave function.
(a) =  ^  / ^2(ic')^^2(ic')|*^q’' ’^''^ “"^ (?"2(ic))P* (5.24)
Since the projectile total angular momentum is zero and Jx +  jy =  0 we can 
further simplify the formalism and drop labels l y ^ j y  from the overlap notation.
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Figure 5.4: Example of the overlap functions for bins with different energies.
C a lcu la tio n  o f th e  overlaps Here we present an example of the overlaps for 
(^He(p3/2)|®He). In Fig. 5.4 the overlaps of the three-body wave function for 
®He with the two-body wave function for ^He are shown for different continuum 
bins. All overlaps shown are normalised to unity. To demonstrate the decaying 
properties of the overlap we presented them first on a linear scale (Fig. 5.4(a)) 
and on a logarithmic scale (Fig. 5.4(b)).
It can be seen tha t the overlaps decay very rapidly, because of the exponential 
tail (in hyperradial coordinate) of the three-body bound state wave functions. As, 
in the overlaps, the decaying three-body functions are multiplied by oscillating 
continuum bin wave functions, some overlaps change sign. It is clear, tha t for 
the distances greater than 20 fm they are very small and their contribution can 
be neglected.
5.3 R esults for ^He
In the present work we use the case of ®He as a test of the reaction model. In this 
test case we assume th a t ®He has an inert a-particle core and use formalism for 
uncoupled bins. This nucleus is a good test case, because its structure is mainly
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determined by the narrow resonance in the P3/2 continuum of the two-body ^He 
final state. Also, the core of ®He, the a-particle, is a very tightly bound object. 
The binding energy of the «-particle is approximately —20 MeV. This supports 
the assumption, th a t the core is not excited in the reaction.
E x p e r im e n ta l d a ta  An experiment on the three-body breakup of ®He was 
done in GSI, using a secondary ®He ion beam of 240 MeV/A incident on carbon 
and lead targets [Aum99]. In this thesis we are interested in nuclear processes and 
so we use only the experimental data dominated by nuclear breakup on the light 
target The available experimental data on one-neutron knockout reactions 
include the integrated cross sections and «-neutron relative energy distribution 
in ^He, where the two nuclear mechanisms of breakup (stripping and diffraction 
dissociation) were experimentally distinguished. In the following we will compare 
the theoretical predictions for the integrated cross sections and «-neutron relative 
energy distributions in ^He, following one neutron stripping with the experiment.
T h re e -b o d y  w ave fu n c tio n s  The three-body wave function for the Borromean 
nucleus ®He was calculated using a two-body a  — n  potential which reproduces 
the phase shifts, obtained from the analysis of the experimental data on neu­
tron scattering on «-particles. This analysis was performed using the R-matrix 
method [Bon76].
Using only these free neutron-«  and the GPT NN two-body interaction po­
tentials doesn’t  provide the correct binding energy of ®He. To reproduce the
binding energy of ®He (—1 MeV), we needed to add a three-body potential to the similar' ^  ohe uç&d m calculation^/ The resulting three-body wave function has the following structure
in j j  coupling:
(2si/2)^ (lp i/2)  ^ (lP3/2)^
7.7% 5.5% 85.6%
Since the main component is (^3/2)^ we would expect tha t this component
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will determine the shape of the cross section relative energy distribution and the 
magnitude of the cross section.
In g re d ie n ts  o f th e  m o d e l To calculate the cross sections for the stripping 
and diffraction dissociation processes we use the overlaps of the two-body bin 
function and the three-body function of the ground state of ®He. The two-body 
continuum for P3/2, p i/2 and S1/2 was divided into intervals each of 200 keV. We 
calculate the overlap for each bin up to an energy of 5 MeV, for which there is 
experimental data. The norms of these overlaps for each bin for the P3/2 two- 
body continuum are presented in Fig.5.5(a) as a function of bin energy. It can be 
seen, tha t the overlap histogram has a peak in the energy interval 0.8—1.0 MeV. 
This energy interval in the P3/2 continuum contains the narrow resonance, which 
explains the existence of the peak. The overlap norms for other components of 
the three-body wave function are very small and are not shown here.
Other ingredients of the one-neutron knockout cross section calculation are 
the scattering matrices of the composite core ^He and the neutron with the 
target, or profile functions. As was already mentioned, strictly speaking one has 
to calculate profile functions for the composite core for each of the continuum bins. 
In this case one has to choose a wide energy interval, which contains important 
features of the continuum, like resonances or virtual states, and calculate the 
resulting ®He profile function for this interval. For the P3/2 continuum we took a 
bin of 1 MeV width with the resonance in the middle of the bin and calculated the 
profile function. We found tha t using this single profile function does not change 
the magnitude of the stripping cross section for the energies near the resonance. 
For the bins with the higher energy the method with only one profile function 
gives a few percent smaller cross section compared to the method where we use 
a different profile function for each bin. The profile function for the ^He as a 
function of its impact parameter, is shown in Fig.5.5(b).
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Figure 5.5: Main ingredients of stripping cross section calculation: (a) the overlap 
norms for pg/g continuum; (b) the profile function of the composite core ®He as a 
function of its impact parameter for a target at 240 MeV/A.
C o m p ariso n  w ith  th e  e x p e r im e n t In Fig.5.6 we present the stripping cross 
section energy distribution and compare it with the experimental data. Here we 
took into account the contribution from (1^3/2)^, (lp i/2)  ^ and (2s i/2)  ^ configu­
rations. The shape of the energy distribution follows the pattern of the overlap 
norm distribution. It is seen th a t the contributions from ( lp i/2)^ and 
configurations are very small, as expected (see Fig. 5.7).
When integrated over energy (up to 5 MeV) the stripping cross sections from 
the three-main components in the three-body wave function are:
P 3/2  P i/2  ^1/2 t o t a l  
123.5 mb 6.0 mb 6.8 mb 136.4 mb
We can compare this value with the four-body Glauber model predictions 
using the formalism of the previous chapter. In this model the full three-body 
wave functions are used and the spectator residue B  approximation is not made, 
which allows more accurate predictions. In Table 5.1 we compare the results of 
the present model with these four-body Glauber calculations, calculations done 
in the work of Bertsch et al. [Ber98] and the experiment [Aum99]. Bertsch et ai
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Figure 5.6: a-neutron relative energy distribution in ®He, following one-neutron strip­
ping from ®He. Experimental data from [SimOl].
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Figure 5.7: Contribution to the cross section from components (a) P3/2, P1/2 and Si/2 
(b)pi/2 and si/2 iu a smaller scale
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process 4-body Glauber calc, of [Ber98] exp. [Aum99]
mb mb mb
stripping 136.9 136 127±14
diffraction 3 8 J 3Z3 30±5
Table 5.1: Integrated cross sections for stripping and diffraction. The 2nd column 
presents the result of four-body Glauber model, the 3th column shows the result of 
calculations of Bertsch et a/.[Ber98] and the 4th column presents the experimental 
value [Aum99].
did calculations in a similar eikonal model, but using three-body wave functions 
constructed from the two-body wave functions and not taking into account the 
correlations between valence neutrons or recoil effects.
It is seen from this table, th a t the results of all methods agree very well with 
the experiment and with each other.
It is interesting to study the sensitivity of the energy distribution to the 
position of the p^ / 2  resonance in the two-body subsystem. For th a t purpose, we 
construct two more a  — n  potential parameter sets which place the P3/2 resonance 
at different energies with respect to the experimental resonance energy. The 
three-body wave function was calculated for each of these two-body potential 
sets.
model MeV
B22 1.16
B22t 1.02
B22m 0.91
The corresponding phase shifts are shown in the left hand side of Fig.5.8 . On 
the right hand side of Fig.5.8 we present the cross section energy distributions 
for the three parameter sets. To study the peak migration more precisely we 
used here continuum bins with a width of 100 keV. We see th a t the position of
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Figure 5.8: n — a  phase shifts in different models of ^He(and ®He); (b) the correspond­
ing relative energy distributions.
the peak follows the position of the P3/2 potential resonance. If one compares 
these three calculated energy distributions with the experimental curve, one can 
see tha t the parameter set B22m gives the best description of the peak position, 
although it gives slightly lower position of the P3/2 resonance. The reason for 
this can lie partly in the model description of ®He. As was mentioned before, 
the binding energy of this nucleus is not described correctly using only two-body 
potentials, a three-body potential is needed.
Concluding, one can say th a t the present model, with its approximations, gives 
a good description of the available observables of one-neutron knockout reaction 
with ®He; both stripping cross section energy distributions and integrated cross 
sections.
5,4 R esults for
^^Li is another example of Borromean system, which we will explore as a test 
case, assuming tha t the ®Li core is inert.
The experimental binding energy of ^^Li is —0.32 MeV [Kob92], so this nucleus
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is more weakly bound than both ^He and “^^Be. There is experimental evidence 
th a t there should be p-wave resonance in ^°Li at 0.2 MeV or higher (see references 
in [Tho94]). It is now clear from in the experiment th a t ^^Li has a large s- 
component in its ground state wave function [Sim99],
In the present work, our aim is not to improve the model description of ^^Li, 
but to apply existing three-body wave functions of ^^Li to calculate the knockout 
reaction cross sections. Using the case of ^^Li breakup, we want to illustrate the 
influence of the three-body state structure on the reaction observables.
An experiment on ^^Li three-body breakup on a carbon target at the energy 
264 MeV/A has not been published yet. In this experiment the integrated cross 
sections of one neutron knockout processes and ^Li-n relative energy distributions 
in ^°Li, following one neutron stripping from ^^Li were obtained. As such, our 
comparisons are preliminary only.
To calculate the three-body wave function of ^^Li, Faddeev three-body equa­
tions were solved. We present several scenarios for ^^Li wave functions with 
difl’erent (si/2)  ^ and (pi/2)  ^ components. These models describe approximately 
the known properties of ^^Li. The properties of ^^Li for différent scenarios are 
shown in Table 5.2. We start with the scenario PO, where the valence neutrons 
have probability 94 % in the pi / 2  state. By changing the model parameters we 
increase the amount of s —state in the three-body wave function, reaching 66% 
in P5.
For each of the scenarios, the energy distribution for the stripping process was 
calculated. In Fig.5.9 we show the contributions of the p  and 5-waves and their 
sum. It can be seen, th a t the shape of the energy distributions is governed by 
the properties of the two-body continuum and the structure of the wave function 
of i^Li.
As we expected the energy distribution for scenario PO is determined by the p- 
component, since the amount of s-wave is negligible. The peak of the distribution 
is situated in the first bin, since the pi / 2  resonance in ^°Li is at 0.18 MeV. As
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model MeV MeV (31/2)^, % (Pl/2)^ %
PO 0.18 -0.29 2.3 9&6
P I 0.23 -0.31 1&6 79.4
P2 0.25 -0.30 2&6 71.1
P3 0.30 -0.27 35.0 59.3
P4 0.35 -0.26 4&2 46.0
P5 0.51 -0.17 65.6 3&5
Table 5.2: Structure of for different parameter models. The first column represents 
the position of the p i/2 resonance, the second - calculated three-body binding energy. 
The other two columns show the main components in the three-body wave function.
we increase the amount of s-component is the wave function, its contribution to 
the stripping cross section increases. ^^Li has a virtual state very close to the 
threshold in this model. The peak in this energy distribution is in the second bin, 
as the p i/2 resonance is now at 0.23 MeV. When the amount of s-component in 
the three-body wave function becomes bigger than tha t of the p-component, the 
shape of the energy distribution changes. The peak of the distribution is not at 
the position of the p i/2 resonance, but a t low energies and is determined by the 
s-component.
It is interesting to integrate these energy distributions over energy and see how 
the stripping cross section changes. The amount of s-wave in the wave function 
determines the radius of the system: the more s-wave the wave function contains, 
the bigger is the radius. Obviously, as the radius grows, the cross section of 
absorption process should increase as well. This is demonstrated in Table 5.3.
The integrated one neutron knockout cross sections which we obtained in 
the four-body Glauber model, using the three-body wave wave functions, are 
presented in the last columns in Table 5.3 for stripping and diffraction processes. 
It is seen th a t the stripping cross section is 2-3 times bigger than tha t of the
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Figure 5.9: Calculated ^Li-neutron relative energy distributions in ^^Li, following one 
neutron stripping from ^^Li for different structure models of ^^Li.
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model (7^ 1/2 (sir) 
mb
(7^ 1/2 (sir) 
mb
(j^i/2+''i/2(sir)
mb mb mb
PO 121 4 125 125 43
P I 102 29 131 135 53
P2 44 90 134 142 58
P3 74 64 138 152 66
P4 58 85 142 164 74
P5 37 118 155 185 91
Table 5.3: Stripping cross sections (integrated over energy) for different models
of ^^Li. The preliminary experimental value is 131(8?)mb [SimOl]. and
represents the p and s-wave contribution into stripping cross section, re­
spectively. o-Pi/2+^i/2(g^r) is the sum of both contributions and cr^^{str) is the stripping 
cross section calculated in the 4-body Glauber model, using the realistic three-body 
functions of ^^Li. In the last column the four-body model result for diffraction cross 
section is shown. The preliminary experimental value for diffraction is 62(8?) mb 
[SimOl].
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Figure 5.10: ^Li-neutron relative energy distribution of one-neutron stripping from 
^^Li compared with the experimental data from [SimOl].
diffraction, as was mentioned before in the introduction.
The next stage is to compare the calculated energy distributions with the 
experiment. The experimental curves available contain the experimental energy 
resolution and other instrumental effects. To compare our results with the ex­
perimental curves, we smoothed the calculated histograms to account for the 
energy resolution effects using values provided by the experimentalists [SimOl]. 
In Fig.5.10 we compare the calculation for model P3 with the experiment.
It can be seen tha t the model P3 (and none of the models ) describe the 
shape of the energy distribution correctly. We can see, th a t the experimental 
distribution has a large amount of strength at low energies, suggesting tha t the 
amount of the s-wave in the three-body system should not be small. The position 
of the peak in the experimental cross section approximately corresponds to the 
position of the p i/2 resonance in ^°Li. The broad shape of the experimental 
energy distribution may also suggest tha t the simple model with the inert B  
can no longer be used for ^^Li. Allowing the core to excite will give rise to a
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rearrangement of the components in the wave function with different energies 
and will contribute differently the stripping cross section.
The reason why this method worked very well for ®He may be th a t the core 
is a very tightly bound system and there is very narrow P3/2 resonance in the 
two-body ^He which determines the properties of the whole system, including 
the energy distribution of the breakup cross section. In the case of ^^Li breakup, 
we don’t  have a tightly bound core and the resonance is broad.
The integrated cross sections from the 4-body Glauber calculation, for three- 
body wave functions P I and P2, provide reasonable agreement with the experi­
ment.
5.5 R esults for
An experiment on ^^Be breakup on a carbon target at 287 MeV/A was done in 
GSI and the resuts are not published yet [SimOl]. The integrated cross sections 
for both stripping and diffraction dissociation processes and ^^Be-neutron rela­
tive energy of of ^^Be, following one neutron stripping from ^^Be were obtained. 
As in case of ^^Li breakup the comparison with the experimental data is only 
preliminary.
In te g ra te d  cross sec tio n s  We first present the integrated one neutron knock­
out cross sections. These were calculated in four-body Glauber model for a set of 
three-body wave functions with core excited components. This set of three-body 
wave functions was calculated using the ^^Be—neutron potential with spin-orbit 
depth Vis = —2.5 MeV for different values of ^^Be core deformation. The cal­
culated integrated stripping and diffraction cross sections are presented in Fig. 
5.11. We see, th a t the one neutron knockout cross sections are sensitive to the 
structure of the three-body wave function. The experimental value for the strip­
ping cross section is a{str) = 125(19?) mb and for diffraction is — 55(19?)
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Figure 5.11: Single particle knockout cross sections calculated in the four body Glauber 
model from three-body wave functions of the g.s. of "^^ Be for different values of core 
deformation. The experiment gives a{str) = 125(19?) mb and cr{dijf) =  55(19?) mb 
[SimOl].
mb [SimOl]. The calculated integrated cross sections for (3 = 0.8 and Vis = —2 5 
MeV are a{str) = 109 mb and cr{diff} =  37 mb. The cross section for stripping 
and diffraction dissociation are within accuracy of the experiment. Here we see 
again th a t the cross section for the stripping process is 2.5 times bigger than tha t 
of diffraction dissociation.
E n e rg y  d is tr ib u tio n s  The ^^Be-n relative energy distributions in ^^Be were 
calculated using the three-body ground state wave functions of ^^Be with the 
inert ^^Be core. The two-body interactions used were as before, so th a t ^^Be has 
a virtual 2si/2 state very close to the threshold and a 1^5/2 resonance at 2.0 MeV. 
The spin-orbit depth was taken to be zero for / =  0, so tha t the at 2.0 MeV there 
is a resonance in the 1^3/2 and 1^5/2 continuum.
Since the two-body n  — core interaction for the model with the inert core does 
not describe the binding energy of “^^Be correctly, we added a three-body force in
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Figure 5.12: ^^Be-neutron relative energy distribution in ^^Be, following one-neutron 
stripping from “^^Be. The core is inert here. Experimental data from [SimOl].
order to obtain ^^Be binding energy of —1 MeV. The ground state wave function 
has the following structure in j j  coupling:
( 2 s i / 2 ) ^  (1 ^ 3 /2 )^  (l<^5/ 2 )^
44.5% 19.4% 31.8%
From this structure of the three-body wave function we expect th a t each of these 
components will make a considerable contribution to the cross section.
In Fig. 5.12 the calculated relative energy distributions of ^^Be are presented. 
Since there is a virtual state in ^^Be close to the threshold, the energy distribution 
has a narrow peak at low relative energies. The peak at 2.0 MeV can be explained 
by the resonances in the l<^ 3/2 and 1^5/2 continuum of ^^Be.
If we integrate the curves for each of the components, we will obtain the 
following integrated stripping cross sections
51/2 db/ 2  <^3/2 sum 
58 mb 22 mb 13 mb 93 mb
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To compare the calculated energy distribution with the experimental curve, 
we smoothed the histograms to account for the energy resolution effects. We see 
tha t the experimental relative energy spectra of ^^Be has again the broad shape, 
as in case of ^^Li relative energy distribution, whereas the calculated energy 
distribution has a ‘spiky’ shape and falls rather quickly a t large relative energies.
The reason for such broad shapes and large strength a t high relative energy in 
the distributions is not clear. First the problem can be in the experimental data 
itself, we recall th a t we use the ‘raw’ experimental energy distributions, which 
contain energy resolution and other instrumental effects. In this work we included 
the energy resolution effects. Other effects are very complicated to include but 
are assumed to be small [SimOl].
On the other hand, we can speculate on the validity of the reaction model 
used. The energy distributions are calculated in the spectator model using the 
overlaps (^^Bep^Be), which fall quite quickly with relative energy in the residue. 
This explains why the calculated energy distributions vanish rapidly. So this 
strength at high relative energies can indicate tha t the spectator model does not 
work properly here and tha t rescattering of the final states, between bin states, 
leads to a significant redistribution of flux between these channels. Since the 
bin states are of long range, there are long range couplings which have, in the 
present model, been neglected. Alternatively, there are other types of reaction 
mechanism involved, including the role of core excited degrees of freedom.
The next step in this work will be to use the spectator model with the de­
formed core for ^^Be and ^^Be to clarify the role of these degrees of freedom. 
We expect tha t the inclusion of core excited components will smooth the rela­
tive energy distributions but may not describe the extended tail of the energy 
distributions.
In conclusion, the four-body Glauber model provides one-neutron knockout 
cross sections which are in reasonable agreement with experiment, especially for 
the case of one-neutron stripping. The shape of the energy distribution does not
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agree with the experiment, as in the case of one-neutron breakup of ^^Li, but 
unlike the situation for ®He.
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C hapter 6
C onclusions
6.1 Sum m ary
The aim of this work was to apply two- and three-body models with core excita­
tion to describe ^^Be and ^^Be simultaneously and then to assess the sensitivity 
of reaction observables to the wave functions obtained in the calculations.
^^Be is the next halo candidate nucleus after ^^Li. In spite of the fact tha t 
there were many experiments dedicated to study ^^Be and its two-body con­
stituent ^^Be, not much is known about these two nuclei. All experiments agree 
th a t ^^Be is an unbound nucleus with an excited state at 2.0 MeV above the 
neutron separation threshold [Ale83, Ost92, Kor95, Bel98]. Recently evidence 
was obtained tha t the ground state of of ^^Be is an s-state [ThoOl]. The binding 
energy of “^^Be was measured in two separate experiments and the results are 
quite different [Gil84, Wou88].
The theoretical descriptions of ^^Be and ^^Be available so far, found tha t in 
order to describe the binding energy of ^^Be and the 5/2+ resonance a t 2 MeV, 
one needs to assume tha t ^^Be is either bound or a p-shell nucleus [BerQl, Des95, 
Tho96, Bay97, Vin96].
In this work we assumed tha t "^^ Be consists of a deformed ^^Be core and two 
valence neutrons. We used a rotational model to describe the core, i.e. the
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core is assumed to be axially symmetric rigid body. The interaction between 
neutrons and the core is assumed to be a deformed Woods-8axon potential plus 
an undeformed spin-orbit term. The neutron-core potentials which are obtained 
to describe ^^Be properties are then used in a three-body model. We explored 
the parameter space to find the range of model parameters which describe the 
known data on ^^Be and “^^Be: tha t ^^Be is an unbound s-shell nucleus with the 
5/2+ resonance at 2 MeV and the binding energy of ^^Be. An aim is to obtain the 
binding energy of ^^Be to be 1 MeV (or more), the lower limit of the experimental 
binding energy. We found tha t if one assumes significant deformation of ^^Be 
core (/? >  0.8) one can fit the parameters of the model to describe ^^Be and ^^Be 
properties simultaneously. The deformation of ^^Be extracted from the analisys 
of the inelastic proton scattering is 0.73 ± 0 .8  [IwaOOa] and is consistent with out 
predictions. A consequence of the assumed s-state ground state of ^^Be is that 
the resulting ^^Be has 45% of s-waves in the ground state. The large amount 
of the s-wave in the ground state of ^^Be contributes to the halo properties of 
this nucleus. The calculated g.s. wave function of "^^ Be contains a large amount 
(35%) of core excited component.
The calculated three-body wave functions were included in calculations of 
the reaction observables in the Glauber model. The first observable to calculate 
was the reaction cross section in the four-body Glauber model. The available 
experimental data include the reaction cross section of ^^Be+^^C at 850 MeV/A 
[Suz99]. In the reaction cross section calculation the main physical ingredients 
of the model are the three-body "^^ Be wave functions and the elastic S-matrices 
of ^^Be and neutron scattering on We assumed th a t the core is deformed 
only in three-body wave functions, while the elastic scattering S-matrices were 
calculated assuming spherically symmetric potentials. The calculated reaction 
cross section agrees with the experiment and demonstrate the sensitivity to the 
three-body wave function structure. The experimental value is not currently 
accurate enough to distinguish between the models.
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Also we used the three-body functions in the calculations of one-neutron re­
moval from Whereas the reaction cross section tests the spatial size of the 
three-body system, the knockout reaction probes the structure of the three-body 
wave function. The integrated one neutron removal cross sections for stripping 
and diffraction processes from Borromean projectiles ®He, i+Li and ^^Be have 
recently become available. Also the core-neutron relative energy spectra of ^He, 
i^Li and ^^Be were obtained experimentally [Aum99, SimOl].
We calculated the integrated cross sections for one-neutron stripping and 
diffraction dissociation in the four-body Glauber model. The results for the 
®He breakup agrees well with the experiment. The final experimental results for 
i+Li and ^^Be breakup are not published yet and our comparisons are only pre­
liminary. One can say tha t the calculated integrated cross sections are close to 
the experimental values. The study of i+Li and "^^ Be breakup showed th a t the 
integrated cross sections are sensitive to the structure of the three-body ground 
state.
The core-neutron relative energy distributions in ^He, ^°Li and ^^Be were 
calculated in the spectator model, assuming tha t the core+n residue interacts 
only elastically with the target. In the spectator model the core-neutron relative 
energy distributions of the stripping cross sections are sensitive to the overlaps 
between the three-body wave functions and the wave functions of each two-body 
system final state. The S-matrices of the removed neutron and core±neutron 
residue are the other ingredients of the model. Since the wave functions of the 
the two-body system are continuum functions, they cannot be used directly in 
the calculations. To overcome this problem, we divided the continuum into en­
ergy intervals and for each of these intervals calculated a representative bin wave 
function. If one includes the core degrees of freedom, the resulting bin functions 
satisfy a coupled channels problem. In this thesis we present the results only for 
the case of the inert core. We found tha t within the spectator core model, the en­
ergy distribution are governed by the properties of the two-body continuum. The
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excistence of the peaks in the core-neutron relative energy distributions is directly 
connected to the resonances in the two-body continuum. In the experimental ce- 
neutron relative energy distributions in ®He there is a pronounced peak, which 
is explained by the narrow P3/2 resonance in ^He. We would expect, therefore, 
th a t for such systems as ^He, where the continuum properties are determined by 
a narrow resonance, the spectator approximation should give a resonably good 
description of the experiment. The calculated core neutron relative energy dis­
tributions in T^Li and ^^Be are sensitive to the positions of the virtual states 
and resonances in the ^®Li and ^^Be continuum, respectively. In constrast to the 
results of the calculations, the experimental ^Li-neutron relative energy distribu­
tions in ^^Li and ^^Be-neutron relative energy distributions in ^^Be are relatively 
smooth and broad. The reason for th a t is not fully clear and allows numerous 
speculations.
6.2 A chievem ents
In this section the main achievements of the present work are summarised.
1. In contrast to the previous theoretical description of ^^Be and '^^Be, in 
the framework of the model with core excitation we described the known 
properties of ^^Be and ^^Be. We found tha t the excited core degrees of 
freedom play an im portant role in the structure of these two nuclei.
2. For a first time the reaction cross section and integrated cross sections for 
stripping and diffraction dissociation processes were calculated using the 
three-body wave functions including core excited components.
3. The core-neutron relative energy distributions in ^He, ^®Li and ^^Be were 
calculated for the first time in the spectator model. The integrated cross 
sections and the core-neutron energy distributions in ^He agrees with the 
experiment.
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6.3 O utlook
To describe ^^Be and ^^Be we used the particle-rotor model, including the two 
lowest-lying states in ^^Be : the ground state (0+) and first excited state (2+) at 
2.1 MeV, which we assumed to be rotational states. In Chapter 2 we showed the 
recent data on ^^Be spectra: the observation of the 1“ state at 2.7 MeV [IwaOOb]. 
At present, it is experimentally proven, th a t the wave function of the ground 
state of ^^Be should contain a significant amount of positive parity components 
[NavOO].
This new information on ^^Be is closely connected with the treatm ent of the 
Pauli principle assumed in this thesis. To account systematically for the Pauli 
principle we assumed th a t ^^Be is a closed p-shell nucleus. Taking into account 
new information on ^^Be, this approximation should be reexamined. The existing 
theoretical method of constructing the forbidden states needs to be extended to 
the more general case of partly occupied nuclear shells. So the next stage of 
the study of ^^Be and ^^Be should include more realistic treatm ent of the Pauli 
principle in case of the deformed core.
The above discussion is directly connected to the lack of experimental infor­
mation on the negative parity states in ^^Be. In this thesis all fitting of potentials 
was to describe positive parity states in ^^Be. The Woods-Saxon depth for the 
negative parity states was chosen in this thesis so tha t the Pauli principle is 
treated correctly (in the limits of the method). Also, if the core has only a partly 
occupied p-shell, ^^Be should have, somewhere, low-lying negative parity states. 
As the structure of the three-body state depends strongly on the structure of 
the two-body state, we would expect th a t ^^Be should also have a noticeable 
admixture of negative parity components.
Another thing which remains to be improved in future is the level of con­
vergence of the hyperspherical expansion method. In this thesis we used the 
Feshbach method to reduce the number of explicit coupled equations so th a t the
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computational time was significantly decreased. This reduction made it possible 
to explore the parameter space of the model. The resulting binding energy is not 
however fully converged and more work is needed.
The experimental information on the binding energy of ^ ^Be is not satisfactory, 
since the two available experiments gave quite différent results. Very recently, a 
new experiment was done in G ANIL, using the time-of-flight technique, which 
will give further information on the binding of ^ ^Be. The results of the experiment 
analysis are anticipated early next year.
In the second part of the thesis, we probed the wave function in one neutron 
removal cross section calculations. In this thesis an initial study is presented. In 
the nearest future we must include the core excited degrees of freedom within 
the final states and the calculation of the overlaps with the ground state wave 
functions of '^^Be. This is expected to smooth the relative energy distributions.
The origin of the broad shape of the experimental core-neutron relative en­
ergy distributions in *^^ Li and ^^Be is not yet clear. As was already discussed, 
the reason for tha t may be in the shortcomings of the structure model and/or 
the reaction model. In a future study, one should go beyond the spectator ap­
proximation, which limits the residue interaction with the core to only elastic 
processes. Processes, such as the rescattering between final states should be 
taken into account.
This thesis presents a contribution to our knowledge of the ^^Be system, ad­
ditional work is in progress both by experimentalists and theorists.
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A ppendix A
Feshbach reduction m ethod
In this appendix a theory of the Feshbach reduction method is given. This method 
is also called the semi-adiabatic reduction of coupled-channel equations. 
Consider a system of N  coupled equations, describing some system:
N
{Ti 4- -L* — E )x i { r )  +  ^  — 0 , i — 1 . . .  N,
j=i
where Ti =  and the centrifugal potential Li = Suppose in
some subset of the equations of this system the adiabatic condition is fulfilled: 
the kinetic energy is small and can be neglected in this subset. Namely, we decide 
to keep the kinetic energy term in subset of channels i =  1, • • •, M  and neglect 
Ti for z =  M  +  1, • • ' ,  A. Then we can rewrite the system (A .l) in the following 
m atrix form:
U (b) = 0,
(A.2)
where the matrices A, B, C, D  are defined in the following way:
A  =
Ti + Li + Vii ViM
Vm i  T m  + L m  + Vm m
\
(A.3)
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Vi M +1 N
B = (A.4)
Vm M +l Vm N
Vm +1 VM + I M
c = (A.5)
V Vn : VNM
( L m +1  +  V m + 1  m +1
V Vn m +1
and the solution vectors and are
X(a)
\ X m  )
X(b)
V m + i n
L j ^  +  Vat AT
\  X N J
(A.6)
(A.7)
Solving the m atrix equation (A.2) formally we obtain:
X® =  (D - (A.8)
and substituting (A.8) into our system (A.2) we get a reduced subset of coupled 
equations for
( A - E  +  B ( D - £ : ) - 'c ) x<“' =  0, (A.9)
It is seen from Eq.(A.9), tha t the reduction of the coupled equations from 
A  X A  to M  X M  consists in adding a ‘Feshbach’ term B (D  — E)~^C  to the 
interaction.
Strictly speaking, the Feshbach term  should be recalculated for every energy 
E,  but in practice the following approximation is performed: the Feshbach term 
is calculated once for the fixed ‘Feshbach energy’ E  — Ep, which should be chosen 
according to bound state energy.
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A ppendix B  
A lgebra for 4-body G lauber 
m odel Including core excitation
The evaluation of the total reaction cross section needs to calculate the following 
expression:
( |^ ^ ( r i2,r ( i2)c)D ,p i"  (B .l)
The three-body wave function has a following expression:
^ f ( r i 2 , r ( 1 2)c) =  Y, [ [U (A 2 )® i1 ,{ f(1 2 )c T  ® X s ] . ® X /U ,L SjI  I- J
(B.2)
As the total spin of ^^Be is 0+ the formula (B.2) contains the Clebsch-Gordan 
coefficient
{jmlmclOO) = (B.3)
3
This allows one to simplify the algebraic expression for (B .l). Using the properties 
of the spherical harmonics and contraction of Clebsch-Gordan coefficients, one 
gets:
00
117
IFigure B .l: The projectile internal coordinates - Jacobi coordinates and angular 
momenta asociated with them.
r(i2)C')P)spin — X/ J ^^mm' ^  X  'Y1 ^ hlyLS^ VJ'yL'S (^ -4)jmm' IxlyLV^VyU Sab
Î4>
ly ly b
X W (L L ' j j -Js )B f^ (a ,b )  { a
L L' f
where
Bj^(a,  b) = X(®«^/^l/<^)^aa(ri2)n/3(r(i2)c) (B.5)
q/3
In Eq.(B.5) we have ô^m', this allows to rewrite the following
:-2X  f(/)\jm) = X  (jm'f( l)\ jm)(jm'00\jm)  =  (B.6)
mm' mm' J
Thus, since /= 0  and 4>=0,
Boo(a,b) = -  ^  âPa(cos^)6ab, (B.7)
47T
where 7  is the angle between vectors r i2 and r(i2)c- 
The Racah coefficient is reduced to
OS) =  (B.8)Lj
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and 9 ~  j  symbol
^ 1 (—l)b+L-ly-l'^
Ix I'x a f — SabSw  W  aL) (B.9)
L  L'  9 ]
After substituting the above simplified ingredients into the formula (B.5), one 
gets the final expression:
{\^o{ri2,^12)c)\ ‘^)spin =  ( - l ) ‘'^ ^ 7 J ^ ^ a ( c O S 7 )  (B.IO)WJyl'yLa
X ( /a ;0 /^ 0 |a 0 )  ( lyOlyO\aO)W{lyly lxlx' j  a L )  ^  l s -
js
In the limit tha t j  = 0, L  = S,  this reduces to the Eq.(25) of [Alk95], used
prevously for the spin zero inert core case.
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